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I. INTRODUCTION

The main objective of our proposal was to demonstrate possibilities of using Bragg

multiple-quantum-well (BMQW) structures as tunable optical elements of optoelectronic

and all optical circuits, and to suggest possible structural designs ready for experimental

implementation. To achieve this objective several tasks have been identified in the proposal.

These tasks included theoretical modeling of exciton characteristics in quantum wells (QW),

developing efficient theoretical tools for studying optical spectra of BMQWs and identify-

ing structures with the most promising optical characteristics. While some of the initially

proposed directions and approaches had to be modified in the course of the research, all

the main objectives of the project were successfully accomplished. We can identify several

tangible outcomes of the project:

1. A novel, more accurate and universal, approach to calculating exciton energies and

oscillator strengths in QWs was developed and a computer code implementing this

approach was designed.

2. A method of all optical switching and modulation in defect BMQW structures based

on screening of the external electric field by photo-excited carriers was suggested and

analyzed theoretically.

3. Parameters of several structures with optimal for tunable optical switching applications

characteristics were identified and recommendations for their experimental realization

were formulated.

4. A non-trivial effect of the electric field and interface correlations on inhomogeneous

broadening of excitons in QWs was discovered.

5. A new approach allowing for analytical analysis of optical spectra of generic one-

dimensional resonant photonic crystals (of which BMQWs are an example) was devel-

oped.

6. A method to increase the width of the polariton bandgap by at least 40% by designing

periodic structures with complex elementary cells was demonstrated.



Results obtained within this project made a significant contribution in understanding of

optical processes in semiconductor based photonic crystals and a synergy between micro-

scopic characteristics of semiconductor heterostructures and their macroscopic (at the scale

of the wavelength) arrangement. This contribution is documented in 14 papers published

in leading journals and 2 papers submitted for publication, as well as in 21 presentations

at scientific conferences and colloquia. In the subsequent sections of the Report we present

our main scientific results in more details.

Work on the project also contributed significantly to developing human resources: two

graduate students and two post-docs took part in this project. One of the students has

graduated with the bulk of his dissertation based on the results obtained within this project,

another student is near completion of his thesis. One of the post-docs is working currently

at the Naval Research Lab.

II. EXCITONS IN SINGLE QUANTUM WELLS

A. Novel approach to calculations of exciton binding energies

In this part of the project we suggested a novel approach to calculating exciton energies in

semiconductor QW, which is based on application of the ideas of the self-consistent Hartree

method to the excitons in QWs. The idea of this approach is that instead of imposing a

particular functional dependence on the envelope wave function, as is done in the previous

approaches,1-14 we present it as a special combination of some unknown functions, which

depend on fewer than the total number variables. Applying the variational principle to this

combination we derive a system of equations describing both the motion of electrons and

holes in the direction of confinement, and the relative two-dimensional in-plane motion of

the exciton. Effective potentials entering these equations have to be found self-consistently

along with the wave functions. Unlike the perturbative methods, 15-18 our approach takes

into account the Coulomb mixing of the electron and hole sub-bands in a non-perturbative

way, and is expected to give more accurate results even for the cases when such mixing is

important.

This approach has a number of advantages compared to the previous methods. First of

all, in its most general statement it must give better results for the exciton energy because
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we span a much larger functional space in the search for the minimum. Second, as it is

discussed below, this approach automatically gives a self-consistent description. Third, the

approach can be naturally expanded to more complicated systems such as asymmetric QWs,

and also allows for incorporating external electric and magnetic fields, stress, and disordered

potential acting on electrons and holes in the QW because of inherent inhomogeneities of

the structure. All these effects, which modify the single particle part of the Hamiltonian,

appear automatically in self-consistent equations for the variational functions.

Applying variational approach to a function of the following form

4Iself((r, ze, zh) = 4'(r)Xe(ZP)Xh(Zh), (1)

where the first term corresponds to exciton center-of-mass motion, while two other terms

describe "single-particle" motion of electrons and holes, respectively, in the confinement

direction. Such a separation, however, is only possible in the zero order approximation,

and in the final self-consistent solution each of these functions are influenced by all other

functions. Main equations of our method, which take into account the discontinuity of

electron and hole masses across interfaces between wells and barriers have the following

form:

[He + V,(z)] X(z) = EeXe(z), (2)

[gh + Vh(Zh)] Xh(Zh) = EhXh(Zh), (3)

[aKr+Vr(r)]?p(r) = Exo(r), (4)

where H•,h is the single-particle electron (hole) Hamiltonian describing their motion in the

confinement direction, Kr is the exciton kinetic energy, a = (XeXhli•(z IXeXh) is a
P~i-(Z,, Zh)

coefficient appearing as a manifestation of the mass mismatch effect (pi± is an reduced mass

of the electron-hole pair for the in-plane motion), and the effective potentials are defined as:

Vr(r) (Xe=hIVehIXeXh), (5)

Ve,h(Ze,h) = (OXheVehIVXh,,). (6)

The angle brackets indicate the integration over two of three independent variables. As it

can be seen, a is identically equal to unity in case of absence of the mass mismatch effect and

approaches bf/ •/b with increasing width of the QW. The initial form of the electron-hole

interaction potential V, takes into account dielectric discontinuity and is obtained by solving
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a Poisson equation for a layered system.19 The total energy of the electron-hole pair is given

by the expression:

E = (<jIHl>) = E, + Eh + EX - (XIVeIX,) - (XhIVhIXh). (7)

In order to obtain solution for Eqs. (2)-(4) we apply the method of successive iterations.

Expecting that the renormalization of the confining potentials is not very strong, we obtain

the zero-order approximation by setting ° 0 and solving equations-eh =- n ovn qain

( 0) (z) - (0) (8)
He,hXC,h) ,hX=,h)

The calculated eigenfunctions X,,h(Ze,h) are then substituted into integral (5) in order to find
-(0)
Vr (r), a zero approximation for Vr(r):

V_0)(r) (0) (0) ((0)

The next step is to substitute the obtained effective potential into Eq. (4):

[cKr + V °)(r)] 0(°)(r) = E(0 )4(°)(r) (10)

which describes properties of a two-dimensional electron-hole pair interacting via the effec-

tive potential V° (r). This potential is the result of quantum-mechanical averaging of the
Coulomb potential with zero-order wave functions Xe0°, X()

Substituting calculated zero-order wave functions 0(o)(r), X( (Z,h) in Eq. (6) we can

compute a correction to the QW electron and hole confined potentials V(1),z h due to

electron-hole interaction:

v~x), , /fJ(0)(0)V hV)h/(0)X (0)\ 11
e,h(Ze,h) • \ h,e re l h,e/

This process is continued until potentials are self-consistent with a desired degree of accuracy.

The condition of self-consistence can be presented in the following form
ýV)n~-(-jV(n) ý ((n) V(n) (n,) ,ý (n)X"(n)IVN (n)\.

""r e e e h Ih Ih (12

The system of equations (2)-(11), including the self-consistency condition (12), represents

the complete set of equations required to find the minimum value of the ground state energy

of the exciton described by the factorized form (1) of the trial function IF. The details of

4



TABLE I: Parameters of the materials used in the calculations: gap energy (Egap), conduction band

offset (AEc/AEg), Luttinger parameters (-y1 and %2), effective mass of the electron in conduction

band (m*), dielectric constant (c), units of length (aB) and energy (EB). aB and EB are given

only for the well materials. Luttinger parameters correspond to the heavy-hole effective mass.

Material Egap (eV) AEc/AEg -y -y2 m*(mo) c q aB (A) EB (meV)

GaAs 1.518 6.85 2.1 0.0665 12.53 159 7.23
60% 0.043

Al0 .4 Ga.0 6As 2.163 4.67 1.17 0.0895 11.5

Ino.53 Gao.47As 0.813 11.0 4.18 0.041 13.9 291 3.56
40% 0.049

InP 1.423 5.15 0.94 0.0803 12.6

calculations of the effective potentials (5) and (6) as well as the respective computer code

are given in Appendixes A and B, respectively.

The calculations were performed for two different material systems: GaAs/AlO. 4GaO. 6As

and Ino.53Gao.47As/InP, which have been extensively studied in the past so that our calcu-

lations can be compared with previous results. The concrete parameters of these structures

used in our calculations are listed in Table I. In order to compare our method with the

standard variational approach we calculated the dependence of the binding energy of the

heavy-hole exciton in GaAs/AlO.4 Gao. 6As and InO.53Gao.4 7As/InP structures on the width of

the quantum well. These calculations are compared with the results obtained by a standard

variational method in Ref. 19. The authors of that work calculated binding energy using a

trial function with two variational parameters:

q5(P, Ze, Zh) = exp 1p 2 + A 2 (ýZ -h)2) U(eU(h,(3

where Ue,h(Ze,h) are single-particle one-dimensional wave functions describing confinement of

the electrons and holes in the well.

The results of our calculations are presented in Figs. 1 and 2, where we plotted the

dependence of the binding energy of a heavy-hole exciton in a GaAs/Al1. 4 Ga0 .6 As and

In0 .53 Ga0 .47As/InP structures as a function of well width for several different approximations:

without any mismatches, with mass or dielectric mismatch only, and with both mismatches

taken into account simultaneously. Comparing the results of our calculations with those of

the standard variational approach one can see that our method gives better (meaning lower)

values for the exciton energy for entire considered range of QW thicknesses and for both
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FIG. 1: Dependence of the binding energy of a HH exciton in a GaAs/Alo.4Gao.6As single QW

on the width of the well. Curves represent different parameters of the well and barrier materials
with and without mass mismatch (ram) and dielectric mistmatch (dm): mm and dm (solid line),

only dm (dotted line), only mm (dashed dotted line) and dashed line doesn't have any mismatch.
Comparison with the results of the standard variational approach (short dashed line) is based on

data taken from Ref. 19 and includes both mismatches.

considered material systems.

B. New variational approach to quantum confined Stark effect

Since we intended to use an electric field as a switching and/or tuning mechanism in the

suggested MQW structures, it was necessary for us to have an effective method for calculating
electric field induced changes in exciton frequencies and oscillator strengths. While these

effects have been rather well studied previously, the existing methods were insufficient for

our objectives because, first, most of them used a mode of infinite potential well,2°-23 which

was not applicable to our situation, and, second, they were not able to deal with the electric

field induced broadening of exciton levels. To address these issues we adopted a method

of complex scaling, widely used in atomic physics to deal with atomic resonances, to the
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FIG. 2: Dependence of the binding energy of a HH exeiton in a Ino.53Ga0.47As/InP single QW

on the width of the well. Curves represent different parameters of the well and barrier materials

with and without mass mismatch (mm) and dielectric mistmatch (din): mm and dm (solid line),

only dm (dotted line), only mm (dashed dotted line) and dashed line doesn't have any mismatch.

Comparison with the results of the standard variational approach (short dashed line) is based on

data taken from Ref. 19 and includes both mismatches.

exciton problem. As far as we know, that was the first such attempt that proved to be

rather successful.

The complex scaling (also known as complex coordinates, coordinate rotation) approach

was developed in the 1970s to deal with resonances in atomic and molecular physics and

chemistry.2 4'25 This approach addressed the main conceptual problem in dealing with the

resonances: because of the inherent finite life-time, they cannot be described as stationary

states of a system with the Hermitian Hamiltonian. As a result, an arsenal of powerful

methods for calculating eigenvalues and eigenfunctions of "normal" bound states becomes

useless in the case of resonances. The main idea of the method is to introduce such a

transformation of an original Hamiltonian that would produce a non-Hermitian Hamiltonian,

whose complex eigenvalues would give the positions and the widths of the resonances.

One of the simplest realizations of this idea is to introduce a complex scaling of coordi-
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nates in an original Hamiltonian, H, r --- r exp (iM), which can be described as a similarity

transformation of the Hamiltonian

H(O) = S(9)/S-B1 (0), (14)

where the complex scaling operator S is defined as

Sf(r) = f(rei°). (15)

The physical meaning of this transformation can be illustrated by applying it to a typical

asymptotic form of a scattering wave function for a potential vanishing at infinity

Soo) oc exp(ikr), (16)

where r is a radial coordinate and k is a wave number. If one tries to describe a resonance

as an eigenvalue problem with a boundary condition given by Eq. (16), the value of k will

come out complex, k =1 k I e-'O, and the respective wave function will exponentially diverge

at infinity. If however, we apply transformation (15) to this wave function, it will become

S'(r -+ 0o) cc eilkiexpti~e-)],

which with the proper choice of 0 can be made square integrable. This example illustrates

the main idea of the complex scaling: with an appropriate choice of the transformation

parameter 0, the transformed Hamiltonian, H(O) can be made to have square integrable

eigenfunctions with complex eigenvalues. Their real and imaginary parts are interpreted as

the energies and widths of the resonance respectively.

The independence of resonant eigenvalues on 0 lies at the foundation of various variational

schemes to calculating resonances within the complex scaling method. Since the transformed

eigenfunctions belong to L2 Hilbert space, one can calculate the value of the energy following

the standard expression

E ( H(r)(r)) (17)

where, however, the traditional definition of the scalar product must be modified because

of the non-Hermitian nature of the Hamiltonian. While the standard definition requires

complex conjugation of the function appearing at the left side of the product, the new rule

requires one to conjugate only those parts of the wave-function that would have been complex
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without the scaling transformation. Since exact eigenfunctions of the transformed Hamilto-

nian are usually not known, any kind of an approximate representation of these functions

would result in a 9-dependence of the resulting resonance energies. It was suggested, there-

fore, that the approximate values must be stabilized with respect to the changes of 0. Thus

9 plays a role here as an additional variational parameter. It should be understood, however,

that applying the variational principle to Eq. (17) one does not obtain an upper limit for

the energy as in the case of regular variational calculations. Nevertheless, it was found in

numerous calculations of resonances in molecular and atomic physics that stabilization with

respect to 0 is key to successful application of complex scaling.24

In order to realize complex scaling in the exciton problem, we choose the trial exciton

function in the following form:

'Ttria1(r, Ze, Zh) = Xe(ZeeiOe)Xh(Zhe--i6
h )(re-iOr). (18)

where the first two functions obey single particle equations for electrons and holes respec-

tively. These equations solved with rotated Siegert boundary conditions yield complex en-

ergy values, We,h, but because of the dilatation transformation the respective wave functions

are square integrable despite the presence of an electric field. This fact makes these functions

suitable for calculating an effective potential, V,(r), that enters an equation determining

the last of the functions in Eq. (18):

[K,(r) + Vr(r)] V(re r) = WxV)(re-7o,) (19)

where Vr(r) is defined according to

Vr(r) = (XexhlVreh(R)lxeXh)- (20)

The inner product, designated in Eq. (20) as (... ) is understood as a bi-orthogonal product

and implies, as usual, integration of the Coulomb potential with corresponding wave func-

tions over electron and hole z-coordinates, but unlike regular normal product in problems

with Hermitian hamiltonians, it does not involve complex conjugation. The corresponding

value of the total quasi-bound energy W = E - iI/2 can be found as

W = (<IýJI1/• = We + Wh + Wx (21)

The main advantage of the approach described above is that it allows one to calculate,

in principle, not only field-induced single-particle widths Fe,h but the exciton width Fx as

9



well, which describes a renormalization of the electron-hole pair lifetime by the effective

interaction. In this project we limited our attention to a particular case of shallow QWs, for

which electric field induced broadening is of a greater importance than for deeper wells. We

showed that in this case single-particle energies and life-times can be with a good accuracy

described by an approximate wave functions of the following form

Xtr(ze-iO; /3, 9) = xtr((; 3, 9) = X/n0(1 - /32)e-i6 exp ['o (-IzI + 35)], (22)

where variational parameters 3 and 9 are allowed to be complex with the only restriction

Re(/3) < 1, which is dictated by the square integrability of the biorthogonal scalar product of

this function. Applying the complex variational principle we obtain the following equations

for the energy
,b2(/3, 9) =(1 -/32) (2e-' - e - 20 ) (23)

1 - 32' 23

After performing a variation of independent variational parameters/3, 9 and simple algebraic

manipulations we obtain the following equations for their optimal values:

e-i = 1 _'32, (24)

-f + 23 - 3f032 - 23' - 1235 + 2807 - 22/39 + 6/311 = 0. (25)

For small fields, all but the first two terms on the left hand side of Eq. (25) can be

omitted, and we obtain /3 - f/2. The corresponding value for energy shift -R - 1 ; f 2/4,

which differs from a result obtained by a usual perturbation treatment of the Airy equation

only by a factor of 1.25. For moderate values of the electric field this variational energy is

even closer to the exact value than the perturbative result. Including in the approximate

solution of Eq. (25) the third quadratic term of its L.h.s we obtain a modified solution

3 = 1 - V/-3f2  (26)

3f

from which it is seen that when the electric field exceeds a critical value f = f,, = 1/V3_

0.58, a square-root singularity appears, and the corresponding energy acquires an imaginary

part. The exact solution of Eq. (25) moves this critical value to lower fields:

f, • 0.416, /30, = 1/3. (27)

Thus, the combination of the complex scaling and variational approaches allows us to

find not only the real part of the electric field induced shift of the single-particle energy, but
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FIG. 3: The real part ER of the normalized energy n2 as a function of normalized electric field

f = 2mF/K30. The solid line represents the exact solution in terms of Airy functions. The dashed

line shows the quadratic behavior of perturbative solution for small f. The dot-dashed line is the

real part for the energy, Eq. (23), obtained with the help of a variational method with a trial

function (22).

also its imaginary part. Of course, the presence of the ionization threshold at fcr predicted

by the variational calculations does not correctly reproduce the type of the singularity in the

field dependence of the resonance width (this hardly can be expected from any variational

approach), it gives a remarkably good description of both the real and imaginary parts of

the energy at values of electric field exceeding fr. At smaller fields the difference between

exact zero given by our approach for the imaginary part and exponentially small value

obtained from the exact solution is also negligible. In order to illustrate this point we

plot the dependencies of the real and imaginary parts of variational energy, Eq. (23), on

the normalized electric field, obtained from the solutions of Eqs. (24) and (25) in Figs. 3

and 7. One can see that the variational results for the real and imaginary parts of the

energy are in very good agreement (especially in the case of small and moderate fields) with

the results of the exact solution of the single particle equation obtained with the help of

Airy functions. Using these results we were able to calculate the effective electron-hole

potential modified by electric field, and, respectively, corrections to electron-hole energy due

to Coulomb interaction. We showed that these corrections had real and imaginary parts,
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FIG. 4: The imaginary part -, of the normalized energy K2 as a function of normalized electric field

f = 2mnF/n0. The solid line represents the exact solution of in terms of Airy functions. The dashed

line shows the exponential non-analytical growth of the perturbative solution. The dot-dashed line

is the imaginary part for the energy, Eqs. (23, obtained with the help of a variational method with

a trial function (22). The insert shows the behavior of the real and the imaginary parts of the

variational parameter fi for the trial function (22).

which corresponded to exciton binding energy and Coulomb corrections to exciton field

ionization rates. Results for the real and imaginary parts of the exciton binding energy are

presented in Figs. 5,6, where we also plot single-particle electron hole contributions, and the

total exciton energy and its width, defined by Eq. (21).

C. Effects of electric field on inhomogeneous broadening of quantum well excitons

An important part of this project was concerned with understanding of broadening mech-

anisms for QW excitons, especially in the presence of the external electric field. While the

inhomogeneous broadening of excitons in QWs was studied extensively,26-31 the effects due

to the electric field have been given very little attention so far. At the same time, for this

project these effects are very important, and thus it is only natural that we carried out the

first study of electric field effects on the inhomogeneous broadening of QW excitons.

We demonstrated in this project that the main effect of the electric field is due to modi-
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FIG. 5: The dependence on the electric field for the total (solid line), the exciton (dotted-dashed

line), and the net hole-electron (dashed line) imaginary parts of complex energies (widths). Data

are for L =20A A1GaAs/GaAs SQW.
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FIG. 6: The dependence on the electric field for the total (solid line), and the net hole-electron

(dashed line) real parts of complex energies. Energy is counted from the barrier band gap.

fication of the random potential caused by the field induced reconstruction of electron-hole

wave functions, while broadening due to Stark effect in moderate electric fields remains

rather small. We found that for QWs whose thickness, L, is smaller than some critical

value, L,,, an electric field reduces fluctuations of this potential resulting in a counterintu-
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itive narrowing of the exciton line width with the electric field. When L > Lr, the sign of

the electric field contribution to the line width changes and exciton lines becomes broader

with an increase of the field.

Our primary goal in this part of the project was to calculate the variance of the effective

random exciton potential, Veff, defined as W = V(Veff(R) 2), which is the main quantity

responsible for manifestations of the inhomogeneous broadening. Usually, the effective ran-

dom potential acting on the exciton's center-of-mass, for each type of disorder, is dominated

by heavy-hole contribution, and can be presented in the form

f= f U(R ± mhp/M; z)h2(p)xz(Z) d2 pdz. (28)

where U(R ± mhp/M; z) is a microscopic random potential acting on the hole due to surface

roughness or alloy fluctuations, and functions 0(p) and Xh(Z) represents wave functions

characterizing motion of the excitons in the plane of the QW, and the hole motion in the

growth direction respectively. The microscopic potential describing the alloy disorder can

be presented as31

Uaiioy(r) = aý(r)0 (L 2/4 - Z2) IN, (29)

where 0(z) is a step-function, N is the concentration of lattice sites (N = 4/alat for zincblende

materials, alat is a lattice constant), ý(r) is the random fluctuation of the local concentration

of atoms in the alloy from the average value xN, and a = dEv/dx characterizes the rate

of shift of the valence bands with composition x. The interface roughness potential can be

presented in the following form 32

Uitt(r) = Vo [m,(p)J(z + L/2) - 7 2 (p)J(z - L/2)], (30)

where 6(z) is a 6-function, Vo is a hole off-set band energy. Random functions 71,2(p) with

zero mean characterize a deviation of the ith interface from its average position.

The statistical properties of alloy and interfacial roughness are characterized by the

correlators: 29' 32,33

(•(r1)ý(r2)) = x(1 - x)Ng(jrl - r21), (31)

(7i(P1)?i(P2)) = h2 fij((Ipi - P21), (32)

where h is an average height of interface inhomogeneity, and (...) denotes an ensemble

average. For the interface height-height correlator we assumed that the dependence of
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both diagonal and non-diagonal correlations on the lateral coordinates p is described by

the same function ((p). The diagonal elements fij are different if two interfaces are grown

under different conditions, which happens naturally for GaAs based structures. (Growth

of a ternary alloy on GaAs occurs differently from growth of GaAs on the alloy; besides

using techniques of growth interruption one can significantly modify statistical properties of

the grown interfaces.) The non-diagonal element f12(L/•o11) introduces correlations between

different interfaces. The respective quantity, which can be called the cross- or vertical-

correlation function," is a function of the average width of the well and is characterized by

the vertical correlation length all. We showed that cross-correlations play a very important

role in QWs, and has to be taken into account in order to explain experimentally observed

exciton broadening.

We calculated the effective potential using exciton wave functions found with the help of

variational approach described in the previous section of this report. The results of these

calculations are summarized in the following expressions.

all (F) 76 + i)+ F (34)

where F represents the strength of the electric field and parameters 'Yi are monotonic func-

tions of the QW width. These expressions show that in the range of parameters where the

Stark broadening is exponentially small, there exists a strong power law field dependence of

inhomogeneous exciton broadening caused by the field induced changes in the variance of

the effective exciton potential.

A remarkable feature of Eqs. (33) and (34) is the presence of a linear-in-field term in

the interface roughness contribution with factor ,int)(L) Oc (f11 - f22). One can see that

this term results from asymmetry between two interfaces of the well, which manifests it-

self through different roughnesses, fii = f22. The presence of the linear term gives rise to

an interesting effect: one can switch between field induced narrowing or broadening of the

exciton line by simply changing the polarity of the applied field. In GaAs based heterostruc-

tures the interface asymmetry appears naturally because of the polar nature of GaAs, and

thus, this effect should play an important role in electric field dependence of the exciton

broadening in GaAs quantum wells. Quadratic in the field terms in Eqs. (33) and (34) also

possess nontrivial properties . We showed that the respective coefficient -y2 changes sign as
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FIG. 7: The field dependent part of the variance, AWi2 = Q [-yF +- y 2 F 2], as a function of QW

widths for interface roughness contribution with different corrugation at interfaces (fii = 4, f22 =

1) for three fixed electric fields: FIFO = 0.1,0.5, 1.5. Inset: AWjnt as a function of electric field

for three QW widths: L/Lo = 0.3 (dashed), L/Lo = 0.55 (dotted-dashed), and L/Lo = 3 (solid).

Note that LILo = 0.55 corresponds to the case, when second order term in the field dependence

changes sign. (see text).

a function of the thickness of the well: its negative for narrower well and positive for wider

ones. This intriguing behavior is illustrated in Fig. 7.

III. OPTICAL PROPERTIES OF BRAGG MULTIPLE-QUANTUM-WELL

STRUCTURES

A. Spectral engineering with MQW structures

Preliminary studies of the optical spectra of BMQW structures, carried out by us before

the start of the work on the current project,3 4 -3 6 showed that the transmission and reflection

spectra of BMQW structures can be significantly modified by deliberately introducing defects

into the structures. Those findings laid the foundation for the current project, but they were

conducted for ideal structures. Therefore, our first task was to incorporate into consideration

homogeneous and inhomogeneous broadenings of the excitons. We carried out first studies
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FIG. 8: A MQW structure with a defect.

of the effects of the inhomogeneous broadening on the BMQW structures with defects,

and as a by-product we developed a solid theoretical foundation for the effective medium

approximation, which has been used previously for calculation of optical properties of ideal

BMQW structures on a heuristic basis. We proved that the reflection coefficient of a QW

with an in-plane disorder with a good accuracy is determined by an average value of the

exciton susceptibility (neglecting exciton spatial dispersion). Thus, the optical properties of

inhomogeneously broadened QW excitons can be described by replacing a susceptibility of

an ideal system
F0

X(w) =- - (35)
LO - %'

where w0 is the exciton resonance frequency, 7 is the exciton relaxation rate due to inelastic

processes, To inverse radiative life-time of excitons with an effective susceptibility

f (36)

] dw~f(W°) wo - w - i7(

where f(wo) is the distribution function of the exciton frequencies. The inhomogeneous

broadening is characterized, in this approach, by the variance of f(wo). Using this approach

we analyzed reflection and transmission spectra of a BMQW structure with so called Q-

defect, which consists of N = 2m + 1 quantum well-barrier layers which are all identical

except for one, at the center, where the QW has a different frequency of the exciton resonance

(Fig. 8). Such a defect in GaAlAs/GaAs system can be produced either by changing the

concentration of Al in the barriers surrounding the central well,37 '3" or the width of the

well itself39 during growth. To describe spectral properties of such a structure we needed to

calculate total transfer matrix through the MQW structure:

M = Th... ThTdTh... Th, (37)
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where Th and Td are the transfer matrices through the host and defect layers, respectively,

described by the reflection and transmission coefficients rh,d and th,d. The possibility of

an analytical analysis of the spectral properties is based on a convenient representation of

matrix M in the basis of eigenvectors of the host transfer matrix Th

M= (e-AM_ a+A (38)
-aA eAM+

where A = NAh,

M± = e±(Ad-h) ± 2eT,\h sinh 2 1 (Ad- Ah), (39)
sinh Ah 2

and
A- =sine (Xd--Xh). (40)

sinh Ah

Here we introduced a±, non-unit components of the eigenvectors of Th,

1 - e±;hth(
a=- (41)rh

and Ah,d are the eigenvalues of the host and defect QW's transfer matrices obeying the

dispersion law in a periodic quantum well superlattice: 40-42

1
cosh Ah,d •- 1Tr Th,d = COS -- Xh,d sin ¢. (42)

2

A defect inserted into the structure leads to a modification of the reflection spectrum of the

MQW in the vicinity of the exciton frequency, Wd, of the defect well. As it was expected,

we confirmed that the most prominent changes occur when Wd falls into the polariton band-

gap of the host structure. A typical form of such a modification in broadened systems is

shown in Fig. (9), and is characterized by the presence of a closely positioned minimum and

maximum. We found it convenient to present the reflection coefficient in the form

rMQw= r0  (43)

1 - radd'

where
2 sinh(A) Xh

= aeA - a+e-A = a + i coth(A) sinh Ah (44)

is the reflection coefficient of a pure MQW structure (without a defect) with the length N,

a = sin q + Xh cos 0, and radd introduces the modification of the reflection caused by the
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FIG. 9: A typical dependence of the reflection coefficient of a MQW structure with an embedded

defect well in a neighborhood of the exciton frequency of the defect well. The dotted line shows the

reflection for a lossless system, and the solid line corresponds to a broadened system (parameters

are taken for GaAs/AlGaAs).

defect

add = (Xd - Xh) Sin 0 sinh h + iXh sinh A

Xh cosh A - a
1

A(a + Xh cosh A) - Xh sinh A" (45)

This expression demonstrated that regardless of the value of the defect frequency Wd, radd

vanishes at frequencies w = Wh because of the phase factor sin 4 • -7rq, where q is the

detuning from the Bragg resonance

W -Wh (46)

Wh

This is a significant for applications observation because it tells that in order to achieve a

substantial modification of the spectrum, it is necessary to choose Wd as far away from Wh

as possible. In this case, however, we showed that the broadening of the host wells did not

affect the defect-induced features of the reflection spectrum.

We carried out a more detailed analysis of the reflection spectrum in the case of relatively

short structures, A < 1, which presents the most immediate interest for possible applica-

tions. In this case we found following approximate expression for the reflection coefficient,
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which is very convenient for qualitative analysis.

ip Q - FoDd
r ,D (47)Wh -- W + i(-y + F) iro - FoDd'

where Dd,h = 1/Xd,h, and F is the radiative width of the pure Bragg MQW structure, which

is N-fold enhanced because of the formation of a superradiant mode43

1rN 
(48)1 - i~rqN

Reflection spectrum in this case is characterized by the Fano-like behavior with reflection

minimum at w- and a subsequent maximum at w+. It is significant that the Fano-like form

of the reflection survives even in structures as short as less than 10 periods. In this case we

derived following approximate expressions for frequencies w- and w+
.2

W- = Wd - - Q (49)

where Q, is defined as
Q - 2d -- Wh

N (50)

and

W =: W + ++

where Q = Q/ + 4ýý and ' is the effective broadening defined by -y = + Z-•A. The

values of the reflection at these points are

- F 2jy
2 N 

4

R'i': (Wd - Wh) 4 (N - 1)2 ,
Rmag~ = IpI2(• + Q8)2

Rmx (+ - h)2 (2P0 + Q. )2  (52)

Fig. 10 illustrates the Fano-like form of the reflection coefficient and also demonstrates that

our analytical formulas give a satisfactory description of the reflectivity in the vicinities of

the extrema for such short systems. An important technological characteristics relevant for

switching/modulating applications is the reflection contrast defined as defined as the ratio

of the maximum and minimum reflections i= Rm!ax/Rmin,

77 'ZýWd -- Wh)/N V7 (53)

The highest values of the contrast in the structure under consideration are obtained when

the number of periods in the structure is small. For low temperature values of Y, the contrast
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FIG. 10: Reflection coefficient near the exciton frequency of the shallow defect (solid line) for

N = 7. The dashed lines depict approximation using different expressions for the defect QW

susceptibility at the vicinities of the extrema. For reference, the reflection coefficient of a pure

MQW structure without a defect is also shown (dotted line).

can be as large as 104. However, these large values of the contrast are accompanied by rather

small values of Rmax. For switching or modulating applications, it would be useful to have

large contrast, and a large maximum reflection. We demonstrated that this can be achieved

in structures with multiple defect wells. Fig. 11 shows the results of numerical computations

of the dependence of R!.. and the contrast upon the number of defects. The structures

were constructed of several blocks, each of which is a 9-period long BMQW with a single

defect well in the middle.

One can see that, indeed, the spectrum of such multi-defect structures exhibits large

Rma (up to 0.8 for structures no longer than 80 periods), while preserving high values of

the contrast (of the order of 104). We demonstrated, therefore, that the most promising for

switching applications is a BMQW structure with multiple defects, and that the good values

of the contrast can be achieved with experimentally readily available structures of no more

than 100 periods with about 10 defects per structure.
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FIG. 11: Dependencies of the maximal reflection (filled circles, right scale) and the contrast (empty

squares, left scale) upon the number of the defects in BMQW structures.

B. Tuning and all optical manipulation of the optical spectra of defect BMQW

structures

1. Tuning

In this project we studied possibility to tune optical spectra of MQW structures using

electric field induced shift of exciton frequencies (quantum confined Stark effect) and also

realize an all-optical switching scheme. We suggested using QCSE to shift exciton frequencies

by about 10 meV and using angular dependence of the band structure to compensate the

ensuing de-tuning of the structure away from the Bragg resonance. We demonstrated that

it takes only small adjustment in the direction of propagation of light to compensate for the

shift of the exciton frequency, and that the structure of the spectrum does not suffer from

any serious distortions. To obtain this result we had to develop a general theory of optical

spectra of multiple-quantum-well structures for an arbitrary angle of incidence, polarization

state, and taking into account the contrast in the refractive indexes between wells and

barriers. One of the main achievements of our group in the course of working on this

project was developing highly effective analytical approach allowing analytical qualitative

and quantitative analysis of optical spectra of resonant photonic crystals.

A transfer-matrix describing propagation of light across well-barrier interfaces and a QW
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involves the product of three matrices Tw = Tb.T.TTb, where

T= i•( (54)
(e-io) (1 +

is the transfer matrix through the QW, where ow = wnrdw, cos Ow/c, where d, is the width

of the QW, n,, is the refractive index of the well, and 0, is the angle between wave vector k

inside the QW, and the growth direction of the structure, 6,. Effective susceptibility ) takes

into account the presence of excitons, which can be inhomogeneously and homogeneously

broadened, as it was explained in the previous Section of the report. Interfaces matrices

Tbw,T•,b are expressed in terms of Fresnel coefficients,

Tbw = Twb = To(p) =1 (55)

which contain all information regarding propagation direction and polarization of the inci-

dent radiation:

nw cos Ow - nb COS Ob
8 --• nw cos 0,, +±nb COS Ob'

nw cos Ob - nb COS Ow (56)

n,,= n cos Ob + nb COS Ow

for s (E I (k, 6)) and p (E 11 (k, 6z)) polarizations respectively.

We discovered that the product of the transfer matrices TbwTwTwb can be presented in

the form of the pure quantum well matrix, Eq. (54), but with renormalized parameters:

T, = TbwTwTb = (ei 1 iS) -iS ) (57)is ce- ¢(I + iS) )

where the effective excitonic susceptibility, 5, and the phase shift, &•, are defined as

I + p 2 - 2p cos + sin__2

-p 1 - pe 2)

_ 1 - pei€w "(58)

Taking into account the diagonal form of the transfer matrix through the barrier Tb we

showed that the total transfer matrix through the period of the structure again has the form

of a single quantum well transfer matrix and is determined by Eq. (54) where the phase ¢
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is replaced by a total phase 0 = Ob + &. This representation of the transfer matrix allowed

us to us all results obtained previously with the refractive index contrast neglected to this

most general case.

Next important innovation introduced by us in the course of working on this problem,

which enabled us to consider propagation of light through defect structures at an arbitrary

angle consisted in rewriting the transfer matrix (57) in the following form

T(1 (cosOi-isin0cosh 0 -i sin0 sinh•/ (59)
i sin 0 sinh/3 cos 0 + i sin 0 coshi3J

where the parameters of the representation, 0 and /3, are related to the "material" parameters

S and q. entering the transfer matrix by

cos 0 = Tr T/2 = cos + S sin4,

coth/3 = cos q -S-1 sin ¢. (60)

Due to the general character of the representations (59), the material parameters entering

Eq. (60) can be either the parameters of a single QW, Eq. (54) or the effective parameters

S and ý, Eqs. (57) and (58), of a barrier-well sandwich, or even parameters characterizing

the entire MQW structure as long as the latter possess the mirror symmetry.

Using this representation we showed that an expression for the transfer matrix TN of

any sequence of identical blocks, including multiple-quantum-well structure, is described by

T(9, 0):

TN =- T(O, 3)N = T(NO,,3). (61)

This expression immediately allowed us obtaining the general formula for the reflection

coefficient of such a structure

i sinh (6
cot NO + i cosh/3 (62)

This reflection coefficient written in terms of the parameters 0 and /3 does not depend upon

the specific form of the transfer matrix and therefore Eq. (62) can be applied to a variety of

different structures. In particularly, this formalism allowed us to demonstrate the possibility

to compensate the shift of the exciton frequency by the change in the angle of propagation,

and confirm, therefore, our assertion that BMQW structures can be tuned with the help of

the electric field. This result is illustrated in the figure below, which demonstrates that the
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FIG. 12: The change of the reflection spectrum with the angle of incidence. The dotted line shows

the reflection at normal incidence. The solid and dashed lines show the reflection at 0b = 7r/18 of

s- and p-polarized waves, respectively. The main plot corresponds to the structure that is tuned

to the Bragg resonance at normal incidence. The inset shows the reflection of a structure which is

tuned to the Bragg resonance at Ob = 7r/18.

reflection spectrum of the structure detuned from the Bragg-resonance at normal incidence

can be restored to the regular Bragg form for an incident angle equal to 7r/18.

2. All optical switching in BMQW structures

We demonstrated in this work that the Fano-like shape of reflection spectrum of BMQW

structures with multiple defects can be used for all optical switching between states with low

and high reflection. The contrast ratio for such a switch depends on the temperature and at

cryogenic temperatures can reach values as large as 104. In this subsection we describe our

work on design of such a version of defect BMQW structures that would allow for all-optical

control of light reflection. The idea of our design is to use a combination of the quantum

confined Stark effect due to external electric field and non-coherent photo-excitation of

carriers in the barrier materials to control the strength of this field. A structure, in which

this idea can be realized is shown in Fig. 13. The "defect" QW differs from other QWs by

its exciton frequency and is separated from the rest of the structure by greater hight of its

barriers, E. 3 > E91 . Thus, the whole structure can be treated as a defect region of length

d sandwiched between two MQWs (MQW1 and MQW2) which are mirror images of each
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FIG. 13: Band diagram of the analyzed device.

other. The whole structure is assumed to be electrically isolated from the external circuit

by the large band offset at the ends of the structure, E, 4 > E.1. During the full cycle of the

switch/modulator operation the structure is biased, and the total potential V falls across

the device.

The switching is achieved by illuminating structure by a laser pulse with frequency above

the band gap of the BMQW barrier but below the band gap of the barriers defining the

"defect" and those separating the structure from the external circuit, E.i < hQ < Eg3, Eg4.

Electrons and holes excited by the laser pulse quickly redistribute inside the structure and

screen the electric field inside MQW1 and MQW2. While the fraction of the applied bias that

drops across the MQW parts of the device is significantly reduced by screening, the electric

field at the ends of the structure and in the regions adjacent to the defect significantly

increases, as well as the fraction of the applied bias that falls across the defect region.

This results in increase of the QCSE shifts in the defect, while in the rest of the structure

the QCSE shifts are reduced. As a result positions of the frequencies corresponding to

maximum/minimum reflection shifts, and by selecting bias and the concentration of photo-

excited carriers one can switch between low and higher reflection states.

We studied the effectiveness of screening in BMQW structures assuming that the carrier

distributions in QWs and in three-dimensional spectrum have come to equilibrium with

each other but recombination processes have not yet occurred and using Thomas-Fermi

approximation. Within this approximation the quasi-equilibrium distribution of carriers,

mentioned above, means the constant value of electrochemical potentials throughout the

structure:

= - ecp(z) = conste, (h = E• - ep(z) = consth (63)
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where (,,h are the electrochemical potentials for electrons and holes, E; h are the corre-

sponding Fermi energies, and eep(z) is the potential energy of carriers in the self-consistent

potential p(z), which varies only in the direction perpendicular to the QWs. The densities

of mobile (i.e. those that belong to three-dimensional spectrum) electrons and holes are

given by

n4,,() = mekBT' 3/2F12 E
Urn(Z) 2\ ( T)2  F1 /2 [(,-E• + e(z)) /kBT], (64)

TmhkBT' 3/2

Pm(Z) = 2 \ • ,]) F1/ 2 [(E, - Ch - eW(z)) /kBT]. (65)

In these equations me,h are electron and heavy hole effective masses, kB is the Boltzmann

constant, T is the temperature, h is the Plank constant, whereas E,,, denote the conduction

and valence band edges of the barrier material. F 1/2 (7r) is the Fermi integral-1/2: F1 /2 (?7)

(2/v'7r) f0, dxlxf/l (exp (x - q) + 1). The concentrations for the carriers bound in the QWs

are given by

nmekBT N
q.(Z) 7h-2  Z Z _(z -zj)12 X

j=1

in [1 + exp(((e - E• + eqp(z)) /kBT)] (66)

nmhkBT 
N

irh2  E j _
j=1

In [1 + exp((Eh - (h - eo(z)) /kBT)] (67)

where oekh(Z- Zj) is the z-dependent part of the wave function for electrons/holes localized

in j-th QW, whereas EOh is the corresponding confinement energy (we assume that each QW

has only one subband). When applying Thomas-Fermi approximation to the carrier confined

in QWs, we neglected a quantum mechanical shift of electron and hole levels due to Stark

effect, but took into account that different wells feel different electrostatic potentials. Since

we were not interested in the details of the charge distribution inside the wells, and since the

width of the wells is much smaller than the inter-well spacing, we approximated the density

of charges bound to a QW as in infinitely thin charged plane, i.e. 0h1z- J (Z - Zj)

The potential ýo(z) involved in the expressions for the charge densities was calculated self-

consistently by solving the Poisson equation,

- 4 7 e (z ) - n .(z ) + p , .(z ) - n , .(z )] (6 8 )

dz 2  q
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FIG. 14: Electric field at the end of the structure vs. optically induced carrier concentration for

different applied bias, N = 10.

with the boundary conditions p(0) = -V/2, o(D) = V/2, where z = 0 and z = D are the

end points of the MQW structure, whereas V is the applied bias. Eqs. (64), (65), (66), (67),

and (68) were supplemented by the normalization conditions

j (n.m(Z) + nqw(z)) j= (po(Z) ±pqw(Z)) = Dno, (69)

where n0 is the average carrier density determined by intensity of the photo-excitation.

Numerical solutions of this system of equations proved that it was indeed possible to

significantly screen the electric field in the interior of the structure and significantly enhance

it at its ends. This conclusion is illustrated in Fig. 14, where the magnitude of the electric

field at one end of the structure is plotted versus concentration of photo-excited carriers.

We also simulated reflection spectrum of a short (10 periods) ideal BMQW structure in

the presence of the external field and phto-generated carriers in order to illustrate that the

photo-induced screening resulted in the shift of the reflection spectrum (see Fig. 15).

C. Enhanced of radiative coupling of excitons via manipulation of structure of

Bragg multiple-quantum-wells at macroscopic level

A key to further improvement of technical characteristics of BMQW-based devices lie in

enhancing radiative coupling between excitons. We showed that it is possible to achieve
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FIG. 15: The reflection spectra of the structure before (solid line) and after (dashed line) the

injection of the carriers. The structure is assumed to satisfy the Bragg condition at w0 - 1.491
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FIG. 16: A complex elementary cell with two different QWs

a significant enhancement of the coupling via structural manipulation of Bragg multiple-

quantum-wells at the macroscopical level.

We considered a periodic multiple-quantum-well structure with an elementary cell con-

sisting of two wells with different exciton frequencies (see Fig. 16). We showed that the

polariton dispersion law in such a structure can be presented in the following form

cos2 (Kd/2) = Gl(w, d/2)G2 (w, d/2) . (70)

where functions Gj (j = 1, 2) are defined as

Gj(w,d) = coskd + 7j(w)sinkd. (71)

Here qj stands for exciton susceptibility in one or another well, and is characterized by two

different exciton frequencies, w, and w2. The boundaries between allowed and forbidden
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bands in this case are defined by four frequencies, which, assuming that the radiative life-

time of excitons in both wells is the same, r0, and that the period d satisfies the Bragg

condition at the average frequency D = (w1 + w2)/2, are defined by following expressions

21 +2 + + J - 2 + + (72)

where W21 = 2- w1 and AB is the width of the polariton stop-band in a BMQW structure

with a simple elementary cell. An important conclusion that we drew from these formulas

was that by requiring the frequency spacing W21 to satisfy the following condition w21 =

v-AB, one can produce a spectral gap between two polariton branches equal to 2V2LAB.

Thus, the stop-band in the structures with complex elementary cells can be significantly

increased compared to simpler structures, which signifies an effective enhancement in the

exciton-light coupling.

IV. DEVELOPMENT OF HUMAN RESOURCES

In the course of work on the project we employed two graduate students, Mikhail Ere-

mentchouk and Vladimir Schuvayev, as well as two post-doctoral associates, Ilya Ponomarev

and Vadim Puller. M. Erementchouk has graduated in 2005 and is currently with Professor

H. Cao's group at Northwestern University. (Mikhail Erementchouk's thesis is attached to

this report.) He was primarily involved in studies of optical properties of BMQW structures.

Vladimir Schuvayev participated in studies of exciton properties of single QWs, his disser-

tation is under preparation now. Ilya Ponomarev worked with us from 2002 to 2004. He

is currently with Naval Research Laboratory. His participation in the project consisted in

developing self-consistent approach to calculations of of exciton energies, analysis of quan-

tum confined Stark effect, and the role of electric field in inhomogeneous broadening of the

excitons. Vadim Puller worked with us from 2004 to 2005 and was engaged in analysis of

screening of electric field by photo-generated carriers.

V. PUBLICATIONS STEMMING FROM THE EFFORTS

In this section we list publications resulting from the research conducted within the

framework of the project.
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APPENDIX A: EXPRESSIONS FOR THE EFFECTIVE POTENTIALS

Choosing the origin of the coordinate system at the center of the QW the expression for

effective potential Vr (r), which takes into account discontinuity of the dielectric constant in

the following form:

Vy(r) = -[V(r) + V2 (r) + V3(r)], (Al)

where
fL/2 L/2 00

VY(r) = dzedZh F(ze, zh) E q1'1 {Wn(r; z., -Zh) + W.(r; ze, zh)},

~'L/2 p00 00

V2 (r) = 2(1 + q) dz/ dzh F(Ze, Zh) E qn I Wn(r; Ze, -_Zh) + Wn(r; z, zh)

J0 L/2 n=O (A2)

Va(r) = dz, dZh F(ze, Zh) + (WO(r; Ze, -Zh) - qWq)(r, e, Zh))
J/2 El/2 {(l-q)

+(l + q)2 1: qnWn(r; zezh)}

and

F(z, zh) = X2(Ze)X2(Zh) + X2(Zh)X2(Ze). (A3)

The integrand in the effective potential (Al) has a singularity at r = 0, z, = Zh, therefore

we apply a coordinate transformation ý = Z, - Zh, q = Z, + Zh, which allows extracting the

divergent part and significantly increasing computational efficiency of the calculations. In

new coordinates the potential takes the following form:
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c [L/2

VY (r) E > q1ln j ?c x

[W_-n T; 7)j d a ( , 7) + Wn_-1; T7) a•(, -q + L)

+ Wn(. ; 7) < (7,q•),

V2(r) =(1 + q) >3 qn (V21n(r) ± V22n(r)),

n=0

V21n(r) = j dr [W.(r; 77) j< D (7I7,( + L) + I) (77, -6 + L))

cirj+ +) + +rL,)L/ +(L ))]

2 [W 22

+ Wn+(r;77) dL ( . ( n+ •,+ 7+0 ) + . ( n -_+6 ,7+ n ))

+ E qn (W.+;(r; ))- Wd • I(r; 77)) j , (ý, 77 + L)]
n=1 To

(A4)

where we substituted Wn(r; 77) = Wn(r; ze, Zh) and

(D(6,77)=F + 7, 77-)2 . (A5)

To treat the singularity in V1, 2(r) we split the outer integral into two parts: fO/ 2 d77 -

fI d7 + fL/ 2 dr, with 6 < 1. For the first part the inner integral of J(6, 7) can be replaced

by the first several terms of its series expansion near 7 = 0. It results in the following

approximation f06 d77 Wn(r, 77)(Yo + tq1 + 3772). Parameters yo, a, 03 are the parameters of the

quadratic spline. This integral can be found explicitly and it has a logarithmic divergence

at small r.

The effective potentials Ve,h(Ze,h) in z-directions are free from divergencies. They can be
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written down as follows:

Ve~h(Ze~h) e Ih (Ze h), for Zech < L21(6
VehZe) = C> (Zeh) for Z,,h > L2 (A6

where

000

X~ (j~h dr heXeZ~) ~ q 1 (~r e~, Z~)+W(;Z~,Z~)

L/2 ~ 00 n

+j dzhC,e X~,(h,e)(1+ q) E : qf (Wn(r; Zeh,, -Zheh) + W.(r; Zeh,eZ,eh)))
0 ~n=-co

~~~'~hý( (+~h q) j rrq)(7

+ dZih,e X~,(h~e + E)~ f (W.(r; Zhe,h -Zehe) + W.(r; Zhe,h Zeh,))
1\/O n=O

+ j~~, dhe X~(Zh,e) [(+ q) 2 q1WL/2 00h Ze

+ z X2 n) (Wo(r; Ze,h, -Zh,e) + qWi(r; Ze,h, Zh,e)))
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Abstract
Optical Properties of Quantum Heterostructures

by
Mikhail Erementchouk

Adviser: Professor Lev I. Deych

The thesis is devoted to consideration of optical properties of quantum heterostructures.
These structures are characterized by a spatial modulation of the dielectric function and a periodic
arrangement of optically active elements. The coexistence of two different channels of the light inter-
action with the matter makes the quantum heterostructures belonging to the new class of structures
- resonant photonic crystals. In the present thesis effective approaches have been developed for an
effective description of the exciton polariton dispersion law and optical spectra of finite structures.
In particular, the polariton spectrum is shown to consist of passing bands separated by forbidden
gaps. The structure of the gaps essentially depends on the relation between the exciton resonant
frequency and the frequencies of the photonic band gaps existing in a passive photonic crystal char-
acterized by the same modulation of the dielectric function. The resonant condition for formation
of a wide solid stop-band is obtained and analyzed in detail for different structures. The reflection
and transmission spectra are effectively described by effective excitonic susceptibility and effective
optical widths of the quantum wells. These effective quantities are determined by the dielectric
environment of the quantum wells and naturally take into account the dependence of the reflection
and transmission spectra on angle of propagation of the electromagnetic waves and their polarization
state. The information obtained for the polariton spectrum and reflection and transmission proper-
ties of quantum heterostructures is used for the solution of a problem of the exciton luminescence in
resonant photonic crystals. In particular, it is shown that the large scale form of the luminescence
spectra is determined by the form of the polariton forbidden gap while its fine structure is the result
of a strong frequency dependence of the transmission coefficient near the band edges.
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Chapter 1

Introduction

1.1 Quantum heterostructures. Quantum wells vs. superlat-
tices

Quantum heterostructures are structures with modulated composition. A simple exam-
ple is multilayer structures grown using molecular beam epitaxy or metal organic chemical vapor
deposition [2]. In such structures different layers are composed of different materials. There is
a great variety of materials which are used for producing such multilayers: GaAs/All-.GaAs,
Inl-,AlAs/Gal-yAlAs, CdTe/Cdl-..MnTe, Znl_..Cd.Se/ZnSySel-i to name a few [3]. Here
the subscripts show the fraction of atoms of a particular kind at sites of the crystal lattice or one
of its sublattices. Building such heterostructures makes it possible to engineer the properties of
electron and hole states because the positions of the top of the valence band and the bottom of the
conduction band vary with the material used to compose the layer. According to the relative posi-
tion of the band gap of the materials used for the growth of the heterostructure, one distinguishes
heterostructures of three types (see Fig. 1.1).

In the structures of type-I, the gap of one material is situated completely in the band of
another. A typical example of such structure is GaAs/Al.Gal_•As multilayer with x < 0.4. Here,
the gap of GaAs is covered by the gap of AlxGap_:As. Such structures sometimes are called direct
because in equilibrium the electrons and holes are situated in the same layers. In type-II structures
the gaps in different layers are shifted with respect to each other. Fig. 1.1 shows a typical picture of
the band structure for a GaInN/GaN multilayer. A distinction is made between such structures (also
called type-II staggered lattices) and type-II misaligned structures. In the latter the shift of the gaps
is so large that the top of the valence band in one material lies above the bottom of the conduction
band in another. An example of such a lattice is the GaSb/InAs heterostructure. Structures of type
III are those where one of the layers is a gapless semiconductor. This situation is implemented in
HgTe/CdTe heterostructures where the band merging point of HgTe falls inside the gap of CdTe.

The structures of type-I, which are the main objective of the present thesis, are additionally
classified according to the widths of the layers. This reflects a strong dependence of physical proper-
ties of the heterostructures on this parameter of the system. The physical reason for this dependence
is the following: the motion of an electron perpendicular to the growth direction is unaffected by the
modulation of the composition. Meanwhile for the motion along the growth direction, the modula-
tion of the profile of the bottom of the conduction band plays the role of an external potential. The
layers where the gap is narrower are the potential wells and those with wider gap are the barriers.
When the wells are far apart the electron states in a vicinity of one well are independent of the
existence of other wells. Indeed, as is shown in any standard textbook for quantum mechanics (see
e.g. Ref. [4]) there always exist bound states in a one-dimensional potential well. For a finite well
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Figure 1.1: Three types of heterostructures classified according to relative position of the band gaps
(dashed regions).

for a state to be bound means that outside of the well the wavefunction exponentially decays. This
decay determines a characteristic length scale. When the wells are further apart from each other
than this length the. overlap of the wavefunctions corresponding to the states in different wells
becomes negligibly small. As the result, the electron spectrum at the energies below the edges of
the well, i.e. below the bottom of the conduction band of the material with the wider forbidden
gap, is discrete and degenerate. The multiplicity of the degeneration is equal to the number of the
wells. In this case, one can say that the electrons are free to move in the plane of the layers while
there is confinement along the growth direction. Corresponding structures are called long-period or
quantum well structures.

When the distance between the wells becomes smaller than the penetration length into the
barriers, the overlap of the wave functions corresponding to the levels in different quantum wells
becomes noticeable. This removes the degeneration. Eventually, when the number of the layers in
the structure is essentially large, a mini-band appears, similarly to what happens when atoms form
a solid. Such structures are referred to as superlattices.

There is a qualitative difference between quantum wells and superlattices. Formation of
mini-bands in the latter removes the electron confinement in the growth direction. This has a great
impact on the physical properties of such structures and optics is not an exception. As will be
demonstrated later, the propagation of light in a medium is strongly affected by dipole active bound
states. The interaction with such states results in the appearance of a strong resonant dispersion of
the effective dielectric function. For the case of the light-exciton interaction, the resonant frequency
is related to the recombination energy of the electron-hole pair constituting the exciton. The width of
the resonance is determined by the non-radiative decay of the exciton through phonon emission. The
observation and applications of the resonance of the dielectric function are hampered by the closeness
of the resonant frequency to the semiconductor fundamental absorption edge. The difference between
the resonant frequency and the fundamental absorption edge is determined by the exciton binding
energy. The binding energy, in turn, strongly depends on the ability of electrons and holes to move
freely. Even simple restriction in one direction leads to essential increase of the binding energy
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[5, 6]. This circumstance makes quantum well structures more promising from the point of view of
observation and application of peculiarities in optical properties which are the result of the exciton-
light interaction.

1.2 Light-matter interaction in quantum heterostructures

The interaction between the electrons and the electromagnetic field in quantum heterostruc-
tures has its specific features. First is the spatial confinement of the electron states due to the
modulation of the profile of the semiconductor forbidden gap. Second is a modulation of the dielec-
tric function that essentially affects the states of the electromagnetic field. These features require
a solid understanding of the basic processes occurring in the quantum heterostructures. In this
Section we provide a qualitative derivation and the analysis of main equations of motion which will
be considered in details in the following chapters.

The interaction of light with the electrons in the materials constituting the structure leads
to a non-constant number of the electrons in the conduction band. Therefore, the most suitable
frameworks for a description of the dynamics of the electrons and the electromagnetic field are those
provided by a quantum field approach. It has been reviewed in a number of publications [5, 7-10]
and the consideration below follows a standard procedure. First, to illustrate the basic ideas, we
consider a two-band model for the semiconductor. Then, we obtain the modifications produced by
a degeneration of the band states. Finally, we discuss the form of the Maxwell equations in the
multiple quantum well structures.

1.2.1 Two-band approximation

The interaction between the electrons and the electromagnetic field is described in the most
general way by the introduction of the canonical momentum

15 •15 +e-A,(1.1)
+

C

where P is the electron momentum operator and A is the operator of the vector potential. The
canonical momentum determines the electron kinetic energy and thereby gives a coupling between
the electron states and the states of the electromagnetic field. In the operator of the kinetic energy
the term proportional to k? can be neglected (the dipole approximation)

1= 2 e P (1.2)
m2 mc

where we have adopted the Coulomb gauge V -A = 0. Under this approximation the total Hamil-
tonian has the form of a sum of parts responsible for dynamics of the electromagnetic field and
electrons alone and the interaction between them

Y• = -ph + X• + X•-ph. (1.3)

Here, .3ph is the Hamiltonian of the electromagnetic field

3Y fJdr A2+(VxA)j (1.4)

where c is the speed of light in vacuum and n(r) is the index of refraction which is not assumed
to be homogeneous in space. In the electron Hamiltonian _V, we explicitly write only the kinetic
energy

= JdrV+ (r) fmi(r) + 'Y[k+, V4] (1.5)
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and use the notation r'[b+, ib] for the contribution of the Coulomb interaction between the electrons
themselves and between the electrons and ions in the lattice. The part of the Hamiltonian responsible
for the interaction between the electromagnetic field and the electrons is

e= jr- IdrV+(r)A(r) 5f3(r). (1.6)

The self-electron and the field-electron parts of the total Hamiltonian can be simplified taking into
account two-band structure of the electron spectrum. For this purpose we represent the electron
field operator 7(r) in the form

V(r) = wc(r)¢c(r) + w,)(r)?b,(r), (1.7)

where wc,, are the Bloch functions of the electron states at the edges of the conduction and the
valence bands respectively. In Eq. (1.7) the operators, V,,, can be thought of as electron annihilation
operators in the conduction and the valence band respectively. Such representation allows one to
make a distinction between different scales of the spatial variation of O(r). The Bloch functions are
periodic with the period equal to the lattice constant, a. Meanwhile, for energies E not too far from
the edges of the gap E•,,, the characteristic scale of the spatial change of electron and hole operators
is cx a(E - E,,•)/E,, << a. Besides, we are interested in optical properties at frequencies that are
close to the semiconductor fundamental absorption edge. The light wavelength at these frequencies
is much larger than the lattice constant. Thus, the variation of &(r) over the crystal elementary cell
is negligibly small. Such a separation of scales allows performing the integrations in Eqs. (1.5) and
(1.6) with respect to the smallest scale. The result of such integration in the term ff, is the simplest
one. For our purposes here it is enough to restrict ourselves to one-particle electron properties. In
this approximation X• reduces after the integration to

Y= - Jdrdr' P+(r)hbb1(r-r')Vb'(r'). (1.8)
b,b'=c,v

Here, the diagonal terms v of the Hamiltonian density describe the dynamics of the electrons in
the conduction and the valence band respectively. For example, for an electron moving in multiple-
quantum-well structure the Hamiltonian density can be written in a standard one-particle form

(r - r') = 6(r - r')[p2/2m, + V•(r)], where m. is the effective electron mass in the conduction
band and the potential V,(r) is given by the modulation of the bottom of the conduction band in the
multilayer structure. The off-diagonal elements eventually give the interaction between the electrons
and the holes.

The resultant form of the term describing the electron-photon interaction is more compli-
cated, therefore we will discuss it in more details. The derivative in Eq. (1.6) after substitution
of Eq. (1.7) produces two term which correspond to different physical processes. One of them is
OC W*Wb'A•2ObI4VYb, and another is cx w* (VWb,)K10b•VbV, where the indices b and b' run over all bands.
In both these terms during the integration over a particular elementary cell all quantities except the
Bloch functions can be considered constant due to the arguments discussed above. Then, one can
use the orthogonality properties of the Bloch functions

-jJ drW•Wb, = 6 bb,, -jJ drw4Vwb, (1 -- 5, (1.9)

where Q is the volume of the elementary cell. The second equation of Eqs. (1.9) is the definition of
the matrix elements of the dipole moment d,,. These conditions show that the term W"WbAb, f VI)b,

is not zero only when b = bK. This corresponds to such electron transitions when the final and initial
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states are in the same band. Such transitions are called intraband. They affect low-frequency optical
properties of semiconductors. The term cm w*(VWb')Ak+Vb', on the contrary, is not zero only for
interband transitions, between states lying in different bands. Thus, if one is interested in optical
properties at frequencies close to the fundamental absorption edge only the second term should be
kept. Finally, the interaction term in the whole electron-photon Hamiltonian can be written as

-ph= Jdr [+(r)dcv A(r)bh(r) + h.c.] . (1.10)

The equations of motion of the electron field operators and the electromagnetic field are
obtained in the Heisenberg form

ih06 = A V.

taking into account the commutation and anticommutation relations

[A(rj), A(r 2)] = ih_4-70c 31 (rj - r 2)n() (1.12)

{IV+(ri), 0(r 2)} = hS(r, - r 2 ),

where 31 (r) is the transverse delta-function [5, 11]. For pairs of fermionic fields a commutator can
be found using a useful relation

[ab, cd] = a{b, c}d - {a, c}bd + ca{b, d} - c{a, d}b. (1.13)

After substitution Eq. (1.3) into Eq. (1.11) one obtains the quantum equations of motion

n 2(r)• f:A2  =- x V x AL-x- 4-r d r'3-(r--r') [dcv,+(r')h(r') + h.c.],

C2  I(1.14)

where (he) b' schematically shows the action of the electron-hole Hamiltonian on the field operator.

Formally we have kept the term V • A in Eq. (1.14) to make later a transition to the electric field
description more transparent.

Since, we are interested in macroscopic electromagnetic phenomena the average (in the field
theoretical sense, i.e. with respect to an equilibrium state) of products similar to (A6k~b+,) can be
decoupled leading to (X•) (¢'~bb'). Thus, one can obtain closed equations with respect to the classical

electromagnetic field A = (A) and the electron density matrix fbb' = (¢+Ob'). The matrix elements
of the density matrix have an independent physical sense. The diagonal elements give the electron
distribution functions in the bands. The off-diagonal elements describe the transition amplitudes or
the interband polarization. The interpretation of the off-diagonal elements as a polarization follows
from the equations of motion

n2 (r)A - --V x V x A - 47r d3r'5"±(r - r') [dcv(r',,r') + dcfvc(r',r')],
e2

ih-fv(ri, r 2) (hc(rj)-h,(r 2))fW.(rj, r 2)+ (1.15)

+f~c(ri, r 2 )A(r 2 ) • dy! - fv(ri, r 2)A(ri) • dcv.

The second equation has a sense of a Schr6dinger equation with a source. One of the particles has
negative mass and can be identified as the hole.
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Accomplished with the equations with respect to the diagonal elements of the density ma-
trix Eqs. (1.15) give a complete description of a semiconductor near the band edge in the two-band
model (aside from the one-body electron approximation and the approximation of the classical elec-
tromagnetic field). To make a complete transition to the electron-hole picture one needs to introduce
the hole population instead of electron population in the valence band f,,. To do this one can note
that the electron and the hole pictures are complimentary in the sense that an electron annihilation
operator is a hole creation operator and, therefore, 4+t4e = Vh¢b+. Using the anticommutation
relation lhth+ = -Oh+Oh {+bh, 4)h+} one can show that fv,(rl, r 2 ) = -fh(rl, r 2 ) + 6(ri - r2), where
fh is the hole distribution function.

Eqs. (1.15) describe a rich variety of physical phenomena (including, e.g. a transport in
semiconductors) and are the subject of extensive investigation for last several decades. Here we
are interested in only a small part of this big physics. For our purposes it is enough to assume
that the electron and the hole distributions, fe and fh, are given by the Fermi distribution in
the thermodynamic equilibrium, so that Eqs. (1.15) are closed. After being linearized the second
equation of Eqs. (1.15) can be easily solved with respect to the interband polarization allowing to
obtain thereby a closed equation for the electric field. To obtain such an equation it is necessary
to take a derivative of both equations with respect to time. As the result ill enters the Maxwell
equations, however, it satisfies exactly the same equation with the electric field E in the r.h.s. Now,
let us assume, for simplicity, that the Hamiltonian of the electron-hole pair has a single discrete
level (exciton) with the energy determined by the frequency w0 and the eigenstate, the exciton
wavefunction, 1(rl, r 2 ). The polarization created by the electric field of frequency w is obtained as

S.y(rI, r2) = S e,, (rI, r 2) (1.16)

W - w0 - iy)

where -y is a phenomenological broadening of the exciton line and

J= d Jdr 4(r, r)A(r) -

f~dc. J dri dr 2 4(rl, r 2 )A(r 2 ) - fhdc,. . dri dr 2 4(rl, r 2)A(rl),

where we have neglected the non-resonant term (w + wo)- 1 (the rotating wave approximation).
To obtain the expression for f. one needs to note that by virtue of the anticommutation relation
fc (rl, r2) = -fcv(r2, rl).

The expressions similar to Eq. (1.17) describe the dependence of the exciton-light inter-
action on the population of the valence and the conduction bands. In particular, it is seen that
with the increase the population, e.g. due to increase of the temperature or the intensity of a pump
field, the oscillator strengths So, and S,, decrease. Clearly, this is a consequence of the exclusion
principle. Indeed, the electron can be excited resonantly by the electromagnetic wave only when
the final state is empty otherwise the corresponding transition is prohibited leading to an absent
interaction. Thus, the maximum effect of the excitons on the propagation of the electromagnetic
waves through the structure is achieved at small populations, e.g. low temperatures. In this case
the contributions Oc A,h can be neglected and the expression for S,, additionally simplifies.

Before we write down the final form of the Maxwell equations for the electromagnetic
waves interacting with the excitons we would like to discuss the structure of the polarization term
in the r.h.s. of Eq. (1.15). Generally the vector field D(r, r)(d,,S,, + d,,S,,) under the integral
has a non-zero divergence. Therefore, its convolution with the transverse delta-function is not
trivial. This circumstance reflects the fact that there is an electrical dipole moment induced by the
exciton polarization. This dipole moment creates a Coulomb field which, generally speaking, affects
excitons localized in the same or another quantum wells. As an example of interesting physical
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effects produced by the exciton dipole-dipole interaction let us mention its possible important role
in the exciton Bose-Einstein condensation [12]. In what follows we primarily are interested in
the most pronounced effect of the exciton-light interaction and, therefore, neglect this dipole field.
This neglecting is performed by the substitution of the conventional delta-function in the r.h.s. of
Eq. (1.15) instead of the transverse delta-function. Thus, finally the Maxwell equations for the
electric field can be written in the form

W2
V x V x E = [e,[,,(z)E + 47rPezc], (1.18)

where Pec is the excitonic contribution to the polarization

4-x(w)dcvI(r) J dr' 4(r')da,,. E(r'). (1.19)

Here d,, is the unit vector in the direction of d, also for shortness we have denoted 4(r) 4 •(r, r)
and have introduced the excitonic susceptibility

X(w) = a (1.20)w0 - w - i7

with the coupling parameter a = 2 Re(d,,)c 2/w2 . The Maxwell equations (1.18) are the basic tool
for a semi-phenomenological description of the light propagation in quantum heterostructures in
the frameworks of the two-band approximation. They have two specific features. First, this is
a resonant response of the medium at a frequency corresponding to a corresponding transition.
Second, the interaction with the microscopic dipole active excitations is described by the non-local
susceptibility. It is worth noting that the Maxwell equations with a resonant non-local susceptibility
accomplished with the Schr6dinger equation with respect to the exciton wave function resolve a long
lasting problem of additional boundary conditions (ABC problem) [8, 10, 13-15].

1.2.2 Degeneration of the band states

The Maxwell equations with the excitonic susceptibility in the form (1.19) qualitatively
reproduce main features of the interaction of the electromagnetic waves with the dipole active
excitations. However, they predict some properties of this interaction which are not necessarily true.
First, according to Eq. (1.19) the exciton polarization has the fixed direction determined by d,,.
Second, only the component of the electric field along this direction interacts with the excitations.
These predictions contradict observations of the light interaction with the optically active excitations.
For example, such interaction in materials with the cubic symmetry is isotropic. Another example
is provided by materials with the zinc-blende structure (GaAs/Al=Gal1 xAs heterostructures) where
only the component along a particular direction [001] is optically inactive (see e.g. Refs. [16-20]
where the optical anisotropy of corresponding structures have been studied).

These predictions are direct results of the two-band approximation. More realistic descrip-
tion of the electron band structure should take into account a degeneration of the states at the edges
of the band gap. In semiconductors with the zinc-blende structure the bottom of the conduction
band (F 6) is twofold degenerate due to the spin of the electron. The form of the top of the valence
band is more complicated. It has threefold degeneracy, that is the Bloch functions corresponding to
the electron states at the top of the valence band transform according to an irreducible represen-
tation of SU(3) (see e.g. Ref. [21]). Additionally, each state is twofold degenerate because of the
spin of the electrons. As the result there are six linearly independent Bloch functions for the valence
band instead of just two as has been used in Eq. (1.7). The spin-orbit interaction partially removes
this degeneracy leading to the appearing of two groups of states (see Fig. 1.2). The first group (177)
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Figure 1.2: The electron states at the edges of the first band gap.

Table 1.1: The normalized matrix elements of the momentum operator for the transition F -r6
[1].

(TI -6+ 1~ 6.-2/3 6.V1/3 0
(I 0 -1-6V1/3 _ 2/3 6-

has two states and is called split-off band. The second group (r8) has four states and corresponds
to heavy and light holes.

The basic steps of the derivation of the Maxwell equation remain the same. The important
difference is that the summation over the band states [e.g. in Eqs. (1.8)] now runs over all eight states
in the conduction and the valence bands. In particular the density of the electron Hamiltonian hbb'

is represented generally by 8 x 8 Kane Hamiltonian [22]. The complete equations of motion describe
quite rich variety of physical phenomena. It suffices to mention that there exist different types of
the excitons, for example, formed by the bound states of the electrons and heavy and light holes.
However, the difference between the masses of the holes leads to different energies of the ground
state of these excitons. As the result, one can consider the interaction of light with the excitons of
one type in the vicinity of a corresponding resonant frequency neglecting the effect of the interaction
with the excitons of other types. This circumstance allows using the one-level approximation in the
same way as it has been done above. One only has to modify the calculation of a product similar
to d,, (d,, • E) in the expression for the excitonic polarization P,,,. It can be done using Table 1.1
where the matrix elements of the momentum operator are shown for the transition F8 --* r6. The
states in the valence band are classified according to the values of the total angular momentum J in
the irreducible representation of the symmetry group. The bands r7 and r' correspond to J = 1/2
and J = 3/2, respectively. Let us consider the case when the structure is not grown along a low
symmetry direction. For example, let the direction of z axis coincide with the principal axis [001].
Then, in the band rs the heavy and light holes are the states with IJJh = 3/2 and JJzJ = 1/2. The
states in the conduction band are enumerated by the projection of the electron spin. In Table 1.1
the vectors 6± are defined as 6± = (6:, ± ie,)/v¶.

In what follows we will be interested in a relatively narrow vicinity of the heavy hole exciton
frequency. The contributions of the interaction of the electromagnetic waves with other excitons can
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be neglected. As the result in the expression d,, (d,, . E) the summation over the valence band
states should run over the states corresponding to the heavy holes. Substitution of the matrix
elements from Table 1.1 yields

(TI p 13/2) E (3/21 p IT) + (11 p 1-3/2) E (-3/21 p 1i,) = p.E±, (1.21)

where we have left only the value of the projection of the total angular momentum and E± is the
component of the electric field perpendicular to the growth direction 6. Making use of this result
leads to the well-known form of the excitonic contribution to the polarization

Pexc(r) = -x(w)@(r) J dr' 1(r')E± (r'), (1.22)

where the exciton susceptibility is defined by Eq. (1.20) with w0 the resonance frequency of the
heavy hole exciton.

1.2.3 Electromagnetic waves in multiple quantum wells structures

To complete the derivation of the basic equations governing the propagation of the elec-
tromagnetic waves in quantum heterostructures let us consider the case of multiple quantum well
structures. It is clear that the consideration provided in the previous subsections remains valid in this
case also with a slight modification in finding the density of the exciton polarization fo,(rl, r 2 ). As
has been discussed above the specific feature of the multiple quantum well structures is the absence
of the overlap of the exciton wave functions localized in different quantum wells. As the result the
exciton state in one well is not affected by the exciton localized in other wells in the approximation
of a small dipole-dipole interaction between the excitons. If we restrict our attention to ls-state of
the heavy hole excitons then the absence of the interaction between the excitons leads to the fact
that there exists only one exciton level in the system with the degeneracy determined by the number
of the quantum wells in the structure. Using this fact the Hamiltonian of the electron-heavy hole
pair can be written in the spectral representation as

H = woZ Im)m, (1.23)
m

where the summation runs over all quantum wells in the structure and the state In) is the exciton
state localized in the m-th quantum well. Schematically, the equation determining the spatial
distribution of the exciton polarization density [the second equation of Eqs. (1.15)] can be written
as a Schr6dinger equation with a source

ihfi, = (wo + i-y) E Ia) (mf fc. + S, (1.24)
m

where we have taken into account a phenomenological broadening -y and S is the source function.
The representation of the density of the exciton polarization in the form f, = m fm tm) gives

fm (MIS)f W - WO . (1.25)W - Woo - iVY

The expression for the scalar product (mIS) is similar to Eq. (1.17) where as the exciton wavefunction
,D(r 1 ,r 2) should be taken (m(rl,r 2) i.e. that of the exciton localized in the m-th quantum well.
As the result the form of the exciton contribution to the polarization in the multiple quantum well
structures is merely the sum of the terms similar to Eq. (2.2) or (1.22) over all quantum wells.
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The modulation of the exciton polarization and the dielectric function along the growth
direction preserves the symmetry of the structure with respect to shifts in the plane of the layers.
This allows one to simplify more the integral entering Pexc and to reduce it to the integration
along z direction only. The qualitative line of reasoning is the following. First, the in-plane exciton
dispersion can be taken into account by the phase factor e6 kp only, where p is the coordinate in
the plane perpendicular to the growth direction. Indeed, because of the separation of variables in
the Shrddinger equation the resonant frequency corresponding to an exciton state characterized by
the momentum hk in the plane of the quantum well is simply wk = wo + hk 2 /2M, where M is
the mass of the exciton. However, for the values of the wave-vectors under the interest the shift of
the resonant frequency due to the kinetic energy term is negligibly small. Taking into account this
additional degeneracy of the exciton states the exciton polarization can be written as

Pexc Jc d2 k ..m(Z) J d r' Dm(z/)E(r/)etk(pp'), (1.26)

where I..(z) = 4,m(z, z) and Dm(z, z) is the solution of a corresponding one-dimensional Shr6dinger
equation in the m-th quantum well. After the Fourier transform of the electric field with respect to
the in-plane coordinates the integration over both p and k can be performed. Finally, this gives the
excitonic contribution to polarization in multiple quantum well structure made of a semiconductor
with the zinc-blende structure

Pexc(r) = -X(w) > $,D(z) f dz' ,m(z')Ei±(z'). (1.27)

Eq. (1.27) and the Maxwell equation (1.18) constitute the basic equations describing the propagation
of the electromagnetic waves in the multiple quantum well structures and which will be analyzed in
detail in the following chapters of the present thesis.

1.3 Resonant photonic crystals

In quantum heterostructures described by the Maxwell equation (1.18) with the polarization
given by Eq. (1.27), the spatial modulation of the dielectric function e (z) coexists with the periodic
arrangement of the optically active elements. This puts the propagation of the electromagnetic waves
in quantum heterostructures in a general context of resonant photonic crystals. These structures
attract a great deal of attention [23-31]and are the object of intensive investigation.

The optical properties of resonant photonic crystals are still a challenge since an interplay
of two scattering channels existing in such structures is not trivial. Different aspects of this problem
have been considered in a number of publications. In particular, in Ref. [32] the necessity of a
modification of the Bragg resonance condition in comparison with what one has in the case of simple
MQW structures has been shown. Later, this result was confirmed [33] and an exact Bragg condition
in such structures was found. It is especially interesting to note recent publications Refs. [29] and
[31]. In these papers the numerical calculations of the photonic band structure have been provided for
a 3D (and 2D) system with periodically modulated resonant dielectric function and for a 3D lattice
of quantum dots with the index of refraction different from that of the environment, respectively.
These calculations have shown that the existence of the resonance widens the forbidden gap in the
spectrum of the electromagnetic waves. There is a definite similarity between the spectral properties
of different systems which makes it reasonable to suggest that such widening is a general feature of
resonant photonic crystals.

A formal problem which impedes establishing a general framework for description of the
resonant photonic crystals is their resonant property. Strong dispersion near the resonance and
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accompanying resonant absorption make difficult using a standard technique which has been de-
veloped for self-adjoint operators proved its efficiency in quantum mechanics. This circumstance
requires a special approach for description of the propagation of the electromagnetic waves which is
under active development these days [34, 35]. The basic idea of this approach is the introduction of
fictitious degrees of freedom which are responsible for both absorption and dispersion. The general
requirement of causality in the form of the Kramers-Kronig relation leads to a unique1 choice of
these additional degrees of freedom. For the new extended system the dynamics turn out to be
unitary and this allows applying the machinery of self-adjoint operators.

In the present thesis a similar ideology is implemented naturally since the initial system
explicitly contains degrees of freedom additional to the electromagnetic field - the exciton polar-
ization. There are two important differences, though. First, we do not consider dynamics in the
extended electromagnetic field - exciton polarization system. Moreover, using the absence of the
overlap of the exciton wavefunction we exclude the exciton degrees of freedom from the equations
of motion. Second, in order to account the finite exciton lifetime we introduce a phenomenological
exciton linewidth broadening and thereby we make the system incomplete from the canonical point
of view. The success of our approach is provided by a possibility to describe one-dimensional systems
without referring to solutions of some boundary value problems. In Chapter 2 we develop a general
approach and apply it for an analysis of the exciton polariton spectrum in different structures. In
Chapter 3 we use the same general ideas to consider the reflection and transmission spectra of finite
structures. Finally, in Chapter 4 we apply the information we gathered regarding the optical prop-
erties of the quantum heterostructures to solve the problem of the exciton luminescence in MQW
based photonic crystals.

1
This is obvious that such a choice is unique up to a trivial extension of the resultant system by degrees of freedom

which do not interact with the relevant excitations. Thus, one can talk only about unique irreducible set of the degrees
of freedom.
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Chapter 2

Polaritons in MQW based photonic
crystals

In the present Chapter we obtain and analyze the polariton dispersion law in photonic
crystals based on multiple quantum well structures. The main objective is to establish a solid
theoretical background for a description of exciton polaritons in resonant photonic crystals with an
arbitrary periodic modulation of the dielectric function, propagation angle of the electromagnetic
wave and its polarization state. The developed approach is applied for an analysis of the exciton
polariton spectrum in different structures.

2.1 Derivation of the transfer matrix

As has been shown in Introduction a propagation of the electromagnetic wave in the struc-
tures under discussion is governed by the Maxwell equation

w
2

V x V x E = w2[.(z)E + 47rPexc], (2.1)

with the excitonic contribution to the polarization

Pexc = -X(w) E Pm(Z) J dz Pm(Z')Ek (z'). (2.2)

Here z axis is chosen along the growth direction, and 4m(z) =- 4(z - Zm) is the envelope wave
function of an exciton localized in the m-th quantum well. The summation in Eq. (2.2) is taken over
all quantum wells and Zm are the positions of their centers. We assume that the distance between
the consecutive wells, d = Zm+l - Zm, coincides with the period of the spatial modulation of the
dielectric function, e(z + d) = e(z). Also, we assume that the profile of the dielectric function is
symmetric with respect to the position of the center of the quantum well, E(zm + z) = E(Zm - z)
(see Fig. 2.1). We restrict ourselves to the consideration of is states of heavy-hole excitons and
neglect their in-plane dispersion. Therefore, writing Eq. (2.2) we have taken into account that the
component of the electric field parallel to the growth direction is optically inactive. Only E±, the
component lying in the plane of the quantum wells, contributes to the exciton polarization.

The frequency dependence of the excitonic susceptibility, X(w), is given by

X(w) = a . ) (2.3)
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<1~

Figure 2.1: An example of the modulation of the dielectric function, E(z) = E + Ac(z) (solid line).
The dashed vertical lines show the positions of the centers of quantum wells.

where w0 is the exciton resonance frequency, -y is the non-radiative decay rate of the exciton, anda
is the exciton-light coupling parameter.

It is convenient to analyze Eq. (2.1) considering the components of the electric field. To
do this it is necessary to make separate considerations of s- and p-polarized fields because these
fields satisfy different differential equations. This follows from the fact that for s-polarization one
has V.- E -- 0 while for p-polarized wave this is generally not true because of the spatial modulation
of the dielectric function.

2.1.1 S-polarization

In s-polarized wave the electric field E is perpendicular to the direction of z axis and can
be represented in the form

E(z, p) = 6,E(z)ek, (2.4)

where p is a coordinate in the (x, y)-plane and 6, = 6k X 6z is a unit polarization vector. We use
the separability of variables and the symmetry of the equation with respect to infinitesimal shifts
in (x, y)-plane to introduce the wave vector k = k 6k lying in the plane of the layers. For E(z) we
obtain an ordinary differential equation

d2 +K 2E(z)(Z fv • z dz 4P.(z')E (z'), (2.5)

I II

where n 2(Z) = WaIC(z)/c2 -2.

The absence of an overlap of the exciton wave functions localized in different quantum
wells makes it plausible to use the transfer matrix technique. The general idea of this technique, in
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summary, is obtaining the field at, say, the right boundary of the elementary cell (z = z+) given
by the field at the left boundary (z = z-). Due to linear character of the basic equations it is
sufficient to consider each elementary cell separately and then obtain the complete transfer matrix
as a product of individual matrices. Without any lost of generality we can choose the position of
the origin coinciding with a position of the quantum well in the layer under consideration. Inside a
single layer the summation over quantum wells in Eq. (2.5) can be dropped and so is the index of the
quantum well. The term with the exciton polarization at the r.h.s. of Eq. (2.5) can be considered
as an inhomogeneity in a second order differential equation

d2E(z) 2
dz-2---- + K2(z)E = .F(z). (2.6)

A general solution of this equation can be written in the form [36]

E(z) = cl h (z) + c2 h2(z) + (G *F.) (z), (2.7)

where

z) dz'.TF(z') hi(z')h2 (z) - hi(z)h 2 (z')(G *.-)(Z) = W(hi, h 2; z') (2.8)
Z_

Here we have introduced hl,2(z), a pair of linearly independent solutions of the homogeneous equation

d2 E( z) 2
dz-2 ±----- 8 K 2(z)E = O, (2.9)

and W(hl, h2 ; z) = h1h' - hlh 2 is the Wronskian of these solutions. For the case under consideration
the Wronskian does not depend on z and will be denoted by Wh in what follows.

Using, next, a standard procedure we obtain the expression for the field (2.7) for points to
the right of the quantum well where D(z) = 0

E(z) =h[i +l 4rw
2
y+ 2  c2

C C
2  

+ + (2.10)

+h2 W -C1P +iwy C2sC2))j+h2[2 (2 -

where p01,2 are "projections" of the solutions h1 ,2 onto the exciton states

V1,2 = J dz',(z')h1,2 (z'), (2.11)

QW

and the modified excitonic susceptibility • can be presented as

X 1 Awx/a' (2.12)

where

AW = J dz (z)(G*,)(z) (2.13)

QW
gives the radiative shift of the exciton frequency in the photonic crystal. It is useful to compare
Eq. (2.13) with well-known expression for the radiative shift in MQW structures with a homogeneous
dielectric function [37-39].
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Using the general solution (2.10) we can find a relation between the field at different sides
of the elementary cells (z = z±). Because the field is uniquely specified by providing the amplitudes
C1,2 we have

(tl(�) =Th (l) (z,(2.14)

where Th is the transfer matrix written in the basis of the linearly independent solutions inside the
elementary cell

Th=+ (2.15)Th 1 -- 7 - ,_2 - -2pl ')

where 1 is the unit matrix. It should be noted that Eq. (2.15) is valid for an arbitrary form of
the exciton envelope wave function and spatial modulation of the dielectric function as long as the
period of the arrangement of the quantum wells coincides with the period of the spatial modulation
of the dielectric function.

Now, we use the freedom of choice of the pair of the solution to simplify the expressions
obtained. We note that one of W1,2 can always be turned to zero by a special choice of h1 ,2 -1 In the
case when c(z) is invariant with respect to mirror reflection relatively to the center of the quantum
well such choice of h1 ,2 corresponds to h, and h 2 being even and odd solutions with respect to the
center of the quantum well. The existence of such solutions with the definite parity is guaranteed
by the symmetry of E(x). Below we will consider only this symmetrical case. The generalization of
the consideration is straightforward but requires more complicated analysis.

Sometimes we will call h, and h2 even and odd modes of the photonic crystal. It should be
understood that actual modes of the photonic crystal defined as solutions of appropriate boundary
problems are not necessarily even and odd functions with respect to the center of the elementary
cell. Moreover, due to the Bloch theorem the modes of a photonic crystal have a definite parity
only at specific frequencies that are naturally identified with boundaries of the forbidden gap in the
spectrum. However, all modes of the photonic crystal can be represented as linear combinations of
the even and odd solutions hi,2 .

It should be noted that after fixing the symmetry the functions h1 ,2 are still determined up
to a constant factor only. However, observables, such as, for example, the positions and the widths
of forbidden gaps, do not depend on this factor due to appropriate entrance of Wh. For example,
the functions h1 ,2 can be found as solutions of a Cauchy problem for Eq. (2.9) with initial conditions
(some formal details can be found in Ref. [40] where the spectrum of a Shrbdinger equation with a
periodic potential is studied using similar approach)

h1 (O) = 1, h'(0) = 0, (2.16)
h2 (0) = 0, h;(0) = 1.

With such a choice of the initial conditions we have Wh = 1. We will write general results in a
covariant form, i.e. independent on a particular choice of the initial conditions in corresponding
Cauchy problems. However, discussions will be done having in mind the initial conditions (2.16).

Let h, be the even solution then W2 =- 0 and the transfer matrix for the coefficients c1 ,2 is

Th=1+Ss.jq(O 00), (2.17)

11t raises a question is it possible to have both V1,2 equal to 0. Generally it can be proven that it is impossible
below the frequency of the first photonic band gap, so the latter is always effected by the exciton-light interaction.
This impossibility can be proven also for all frequencies for considered here model of symmetric quantum wells and
spatial modulation of the dielectric function, and for 5-functional approximation for the envelope wave function. These
results make the question about the possibility for the effective exciton-light interaction to be completely inhibited
rather academic.
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where q, = K8(z+) is the value of K,(z) at the boundary of the elementary cell and

S8 (w) = -(w)-qc 2 . (2.18)

Substitution of ý yields
SP M)rs (2.19)

w-w - AW +i'

where P, is the radiative decay rate,
27raw

2 2
r, 2 '(2.20)qs c2

The function S8(w) plays an important role in determining the effect of the exciton-light interaction
on optical properties. In particular, the resonant absorption of light occurs at a frequency wo + Aw
where the pole of S8 (w) is situated. This is important that the main parameters - the resonant
frequency and the radiative decay rate - can be found in a single quantum well optical experiment.
We note that the radiative shift of the exciton frequency Aw is small provided by the narrowness
of quantum wells and often is neglected. In what follows by the exciton frequency we will mean the
resonant frequency of S,(w). Also, for shortness we will refer to the function Ss(w) as the excitonic
susceptibility.

The basis of a pair of linearly independent functions is clearly convenient to derive the
transfer matrix through a single elementary cell staying inside the cell. To obtain the transfer
matrix through the period of the structure it is necessary to satisfy the continuity of the field and
its derivative at the boundary between different elementary cells. This problem appears since the
even and odd solutions in one cell are not necessarily even and odd with respect to the center of the
next cell. This problem can be solved but, instead, using the conversion rule (A.9) we convert the
matrix to more conventional basis of plane waves

E(z) = E+e + Ee- (2.21)

As will be seen shortly the transfer matrix in the basis of plane waves T is convenient to
be represented in the form

T ( a! f)/ (af - af)/2) (2.22)T (af - f 5)/2 a

This representation is extensively used in the present paper and, in what follows, we will refer to it
as (a, f)-representation. The parameters of this representation, a and f, are found to be

a = g 2, f = g1 - iS.g 2 ,

9=2, f=g +iS g•, (2.23)

where

g] = -1 hi(z+) + h92z+)], g h [iq, h2(z+) + hi(z+)]. (2.24)

2.1.2 p-polarization

As has been mentioned, the important difference between s- and p-polarized waves is that
they satisfy different differential equations since for the latter case V • E 0 0. For conventional
photonic crystals the p-polarized waves are conveniently described in terms of the magnetic field
(see e.g. Ref. [41]). However, the existence of dipole active excitations essentially reduces this
convenience by the necessity to close the equations by finding the interaction of the excitons with
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light in terms of the magnetic field. This problem, of course, can be solved but it leads to quite
cumbersome expressions which make it difficult to establish a relation with the results obtained
above. Therefore, it is reasonable to stay in the frameworks of the equations with respect to electric
field.

The electric field can be represented in a similar to Eq. (2.4) form

E(z, p) = [6kE.(z) + ,bE•(z)] eikp. (2.25)

The amplitudes Ex,,(z) satisfy the system of the ordinary differential equations

d2 E., dEz
dZ2 - ik-T + ="(z)E.,

m
-X(W) E 4'.(Z) I dz -P(z')E,,(Z'), (2.26)

-ik-dEd + [tp(z) - k2]E,(x) = O,
dz

where 2p(Z) = w2 E(z)/c 2 . Deriving these equations we again explicitly have taken into account that
only the in-plane component of the electric field interacts with the heavy-hole excitons. Solving the
second equation with respect to Ez we obtain the closed equation for Ex(z)

-XPd)-j " 47rw2  ) Om(Z)J dznm(z')Ex(Z'), (2.27)

m

where p(z) = Kp(Z)/[ p(Z) - k ]. This function can be seen to be determined by the local angle of
propagation of the wave, p(z) = 1/ cos2 0(z).

The derivation of the transfer matrix for the p-polarized field follows exactly the same steps
as in the previous subsection with an important specific detail. The Wronskian of two solutions of
"homogeneous" version of Eq. (2.27) (that is with X = 0) is not a constant but depends on z [36].
However, writing down this dependence as

W(z) = Whp(z+) (2.28)
p(z)

one can see that the main results of the previous subsection are immediately applied. In particular,
the transfer matrix in the basis of plane waves can also be represented in the form (2.22). There
are only simple changes in definitions of the parameters of the (a, f)-representation. First of all,
in the definition (2.24) as the pair of functions h1 ,2 there should be even and odd solutions of the
"homogeneous" version of Eq. (2.27). Second, the expression for the radiative shift of the exciton
frequency (2.13) changes because now, instead of Eq. (2.8) one has

z

(G * F)(z) = 
1  Jdz'.F(z') [hl(z')h 2 (z) - hi(z)h 2(z')]. (2.29)Whp(z+ )

Finally, the function Sp(w) can be introduced which also has the Lorentz form as in Eq. (2.19) with
the modified radiative decay rate that becomes

2-7raw 2o21

p qpc 2p(z+) , (2.30)

where qp = Kp(z+). It is seen that these expressions and corresponding expressions for an s-polarized
wave coincide in the case of normal propagation, i.e. when k = 0.
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2.2 The structure of the transfer matrices

The fact that the transfer matrices for both polarizations allow the (a, f)-representation is
not a coincidence but is related to a structure of the Maxwell equations. To demonstrate this let us
consider Eq. (2.5) in a particular case corresponding to the passive structure (x =_ 0). Let E(z) be
a solution of this equation. Taking complex conjugation of the equation one can see that E*(z) is
also a solution. Then, one finds that

d (EE*' - E'E*) = 0. (2.31)
dz

Now, representing the electric field in the form (2.21) the relation

W- [qs (IE+I2 - IE-ID] = 0 (2.32)dz

is found. This relation can be shown to correspond to a constancy of the flux of the Poynting vector
through a plane perpendicular to the z-axis and represents the fact that there are no sources or
drains of the energy in the system. From Eq. (2.32) follows that the transfer matrix through the
period of the structure must preserve the combination IE+ 12 - E_ 12. The same can be shown for
p-polarization. This proves that the transfer matrix written in the basis of plane waves belongs
SU(1, 1) [42]. A general form of an element of SU(1, 1) is [42]

T = T1 T2) (2.33)(T2\ T1

where T1,2 are complex numbers and IT11
2 -IT2 2 = 1. The (a, f)-representation can be seen

to correspond to a particular case of T2 being purely imaginary. Such transfer matrices describe
structures that posses mirror symmetry. Indeed, the condition of this symmetry can be written in
the form oaTao = T-1, where a. is the Pauli matrix. Substitution of Eq. (2.33) into this equation
gives T2 = -T 2 . The converse statement can also be easily checked. The corresponding statement
regarding the full equations (2.5) and (2.27) can also be proved but the proof is rather technical and
we do not provide it here2.

Structures with the mirror symmetry have a nice property to allow a relatively simple
analysis and still demonstrate a rich variety of interesting phenomena. Therefore they attract a lot
of attention (see e.g. Ref. [43]). If such a structure is built of blocks that have the mirror symmetry
by themselves then the transfer matrix through the entire structure can be easily written in terms of
matrix element describing the individual blocks. Indeed, let us look at a structure with the period
BAB where the transfer matrices of the blocks A and B have the form T(al, fl) and T(a 2, f2),

respectively, in the (a, f)-representation. Then the transfer matrix through the period is

T(a 2 , f 2)T(ai, fl)T(a2 , f2) = T(a, f), (2.34)

where

a = ala 2 f- a, (df 2 - a 2 12 ), (.5Y (2.35)

f = f2fla2 + " f2-a212) .

2
The non-locality of the equations with the exciton polarization seems to be a problem for a straightforward

derivation of a relation (2.31). This problem can be resolved in several ways. One of the simplest is a consideration
of an equivalent local equation. The equivalence is understood here in terms of transfer matrices.
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To establish a connection with well-known results let us consider several important exam-
ples. The first example is when the blocks B are homogeneous barriers whose the transfer matrix
is Tb(bb) = diag [exp(iqb), exp(-iqb)]. In this case one has a 2 = f2 = exp(iqb/2) in Eq. (2.34) and
thus

Tb(bb)T(a, f)Tb(Ob) = T(ae'Ob, f ei¢b). (2.36)

Another example is when a mismatch of the indices of refraction at the boundaries of the block A
and the surrounding barriers is taken into account. In this case one has

Tp(p)-'T(a, f)Tp(p) 1l- T(a + ap, f - 1p). (2.37)

where p is the Fresnel reflection coefficient [44] (see below Eq. (2.45)), and Tp is the matrix describing
the interfacial scattering

T = ( ). (2.38)

The real factor in Eq. (2.37) can be incorporated into a and f due to the useful relation (with real
A)

AT(a, f) = T(Aa, f) = T(a, Af). (2.39)

The formulas (2.34), (2.36) and (2.37) are basic tools for obtaining the (a, f)-representation
of a matrix in terms of more elementary transfer matrices. This method is often more practical than
solving corresponding differential equations. It is interesting, however, to note the reverse: the
parameters of the (a, f)-representation are boundary values of solutions of a corresponding Cauchy
problem.

2.3 The dispersion equation

In the formalism of a transfer matrix in the basis of plane waves the polariton dispersion
law can be obtained using [45]

1

cos Kd = Tr T, (2.40)
2

where K is the Bloch wave number and d is the period of the structure. From the fact that det T = 1
follows that fd + fa = 2. Using this identity we can write the polariton dispersion law in the form

cos2 (K) Re(a)Re(f), (2.41)

where the real part is defined as Re(a) = (a + a)/2. The forbidden gap is determined as such a
frequency region where the r.h.s. of this equation becomes negative or bigger than 1 because in
these cases the Bloch wave-number becomes complex and this corresponds to evanescent modes.
These conditions, being the r.h.s. negative or bigger than 1, can be seen to determine different
parts of the forbidden gap and this makes an analysis of the structure of the spectrum somewhat
cumbersome. However, the consideration can be easily unified noting that the dispersion equation
can be equivalently written as

sin 2 (K-) = Im(a)Im(f), (2.42)

with Im(a) = (a - d)/2i. Now, the gaps that are at the frequencies where the r.h.s. of Eq. (2.41) is
bigger than 1 correspond to frequencies where the r.h.s. of Eq. (2.42) is negative. This circumstance
allows one to consider all gaps in the same way.
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Figure 2.2: The periodic structure built of two blocks. Vertical dashed lines show the boundary of
the elementary cell. The angles of propagation inside the blocks are related by Snell's law.

The representation of the dispersion equation in the form (2.41) or (2.42) [and, hence, the
transfer matrix in the form (2.22)] has that advantage that the polariton forbidden gap corresponds
to frequencies where one of the terms is negative. Such factorization of the equation drastically
simplifies the analysis of the spectrum. We demonstrate how it works for the examples of known
structures and apply the results obtained for more general situation.

2.3.1 Passive multilayer structure

Let us consider a structure built of a periodic sequence of two blocks characterized by the
widths db,w and the indices of refraction nb,w. To emphasize the mirror symmetry we choose the
elementary cell as shown in Fig. 2.2. The transfer matrix through the period of the structure has
the form

T -T T 1/2 (2.43)
b w A P b (243

where

Tb,ý (ei~Ib,. 0 (2.44)

Ob,, = Wnb,.db,. COS Ob,,A,/c and Ob,w are the angles of propagation of the wave.
The scattering of the electromagnetic wave at the interface between different blocks depends

on both the angle of incidence of the wave and its polarization state. These effects are described by
using Fresnel coefficients p, and p,

n. cos 0w - nb COS Ob

nw cos 0. + nb COS Ob'

n. COS Ob - nb cos Ow

= n, cos Ob + nb COS (2.45)

for s and p polarizations respectively. Below we denote the Fresnel coefficients simply by p having
in mind that for a particular polarization one of these expressions should be used.

Using Eqs. (2.36) and (2.37) we can obtain the (a, f)-representation of the transfer matrix.
Then making use of Eq. (2.39) we can factor out the term 1/(1 - p2 ) and write

a = eiwr+ + pei'wT-, f = eiwr+ - pei'r-, (2.46)

where r±•- (¢b =t=± 0)/2w. For this case Eqs. (2.41) and (2.42) turn to

COS2 (Kd) = Re(a)Re(f) sin2 (Kd) Im(a)Im(f) (2.47)
2 1 - p2 2 1 - p 2
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As follows from these equations there exist forbidden gaps of two types. First, where the r.h.s. of
the first equation becomes negative, Re (a)Re (f) < 0, and, second, where the same is valid for the
second equation, Im (a)Im (f) < 0. If T+ and 7_ are incommensurate these gaps alternate along
the frequency axis and correspond to the gaps appearing in vicinity of the odd and even Brillouin
boundaries. For the convenience we will call these gaps odd and even respectively.

The edges of the forbidden gaps are situated at the frequencies where different terms in
these equations vanish3 . For example, if p > 0 than Re (a) changes its sign at the low frequency
boundary, Q_, of the first gap and the same occurs with Re (f) at the high frequency boundary,
Q+. That is the edges of the forbidden gap satisfy the equations

Re [a(Q+)] = 0, Re [f(Q-_)] = 0. (2.48)

The center of the gap is situated at S1, = (Q+ + Q-)/2 and its width is ApC = Q+ - Q_. The left
and right edges of the next odd gap are given by Re (f) = 0 and Re (a) = 0, respectively, and so on.
The explicit form of these equations is obtained using definitions (2.46)

cos(Q-•r+) - pcos(Q-r_) = 0,
cos(Q+r+) + pCos(Q+m-) = 0. (2.49)

In the simplest case when the layers have the same optical width one has r7_ = 0 and the positions
of the edges of the forbidden gap are wr(1 ± 2 arcsin(p)/7r), where

S= (2.50)

While this case gives a convenient reference point, however, having in mind applications to multiple
quantum well structures (MQW) an opposite case, when the optical widths of the layers are different,
is of more interest. Generally, as one can see from Eq. (2.49) the boundaries of the gap are situated
asymmetrically with respect to w. and in the assumption of narrow gap, that is fulfilled for angles
not too close to the angle of the total internal reflection, are given by

( 2psinw 0, (2.51)
f±+=wr l\15r(l± pc ) (.1

2.3.2 Multiple quantum well structure

An opposite limiting case is when all layers in the structure have the same index of refrac-
tion, n, but there are optically active excitations in the quantum wells. The propagation of light
through a quantum well is described by the transfer matrix of the form

Tw_- (e1•( iS) -is is)) (2.52)is e -•(1 +iS

Here ¢b - wnd, cos Ow/c. The excitonic contribution to the scattering of the light is described by
[compare with Eq. (2.19)]

S - o . (2.53)W - w0 + i-Y

The radiative decay rate, Fo, depends on the angle of incidence. As follows from Eqs. (2.20) and
(2.30) for structures with homogeneous dielectric function these dependencies for different polariza-
tions are [32, 46, 47]

r(-) = r0/coso, r() = r- cos o0. (2.54)
3

1t can be shown that if r+ and r_ are commensurate then at some frequencies both terms become zero simulta-
neously. That is the corresponding gaps collapse and a continuity of the band establishes.
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The transfer matrix through the period of the structure, thereby, is

T b1/2 TT1/2. (2.55)

The parameters of the (a, f)-representation of the transfer matrix through the quantum well are

a - e/€O/ 2
, f = ei€_/

2
(1 - iS) (2.56)

[it is useful to compare them with those given by Eqs. (2.23)]. The dispersion equation is, thus,
[48-50]

cos2  co• w- C +(coswi+ + S+sinwT+). (2.57)

A straightforward application of the approach from the previous subsection is complicated by the
fact that the second term in this equation has a singularity at the exciton frequency wO. This
singularity, however, is cancelled by the first term if the condition cos(wo0+) = 0 is met. It is seen
that this condition is equivalent for the photonic half-wavelength at the exciton frequency to be
equal to an odd multiplier of the period of the structure

7r

wOr+ - + 7lrn (2.58)

and is called the Bragg resonance. The spectrum of such structures is characterized by a relatively
wide gap with the width

2r__r °)(2.59)

indicating enhanced coupling between light and QW excitons.

2.3.3 MQW structures with a mismatch of the indices of refraction

Now, we consider the situation which is a combination of the two just analyzed. In this
case we assume that quantum wells in a MQW have the index of refraction different from that
of the barriers. Different aspects of this case have been considered in a number of publications
[32, 33, 37, 51-54] including the polariton spectrum in such structures [32, 33]. However, here we
consider this case in details since it gives perfect illustration of analysis of factorized complicate
dispersion equations.

The transfer matrix for this structure is obtained from Eq. (2.55) by taking into account
the scattering at the interfaces between the quantum wells and the barriers,

T--T/2WT-- pT 1/2. (2.60)

The dispersion equation following from the (a, f)-representation of the transfer matrix has the form

cos 2 ( ) = 1 2 Re(apc)[Re(fpc) + SIm(apc)], (2.61)

where apc and fpc are calculated for a passive multilayer structure and are given by Eqs. (2.46).
Similarly to what we had before, the structure of the gap near the exciton frequency is

complicated by the singular character of the excitonic susceptibility that compels taking into account
both conditions of the existence of the gap (see Fig. 2.3). However, as one can see from Eq. (2.42)
when the exciton frequency coincides with the position of the right edge of the photonic band gap
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Figure 2.3: The dependence of r.h.s. of Eq. (2.61) scaled by 103 on frequency for slightly
off-Bragg structure. The material parameters are chosen to be close to typical parameters of
GaAs/Al.Gal_•As structures: p = 0.03, F0 = 60 peV, wo = 1.5 eV.The frequencies where it is
negative correspond to forbidden gaps. The vertical line shows the position of the exciton frequency.
There is an additional contribution to the forbidden gap where graph exceeds 1 (not shown in this
scale). This addition is given by Q6, Eq. (2.71) and, as can be seen, is small.

Q+ the singularity of the excitonic susceptibility cancels and the only contribution to the gap is that
given by being the r.h.s. of Eq. (2.61) negative.

Assuming a smallness of the gap we can expand apC and fRc near the frequencies Q±

Re[apc(w)] = (Q+ - w)t+, Re[fpc(w)] = (Q- - w)ft, (2.62)

and write the equation for the boundaries of the forbidden gaps in the form

Im(apc)
(P - Q+)(w - Q-) - Fo m = 0, (2.63)

where

w+= -Re[apc(w)]+' t_ = Re[fpc(w)] _. (2.64)

In Eqs. (2.62) we explicitly have taken into account the negative sign of these derivatives. The
radiative decay rate, P0 in Eq. (2.63), should be taken according to the polarization of the wave and
the angle of propagation as given in Eqs. (2.54).

The imaginary parts of apC and fPc can be approximated using the following argument.
Since

Iapc12
= (1 + p) 2 -4p sin 2 (w-T+ 2 ) (2.65)
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and Re(apc) - 0, then taking into account the narrowness of the quantum wells we obtain

Im(apc) - 1 + p, Im(fpc) ; 1 - p. (2.66)

The approximation t- ;.z r+Im(fpc) can be derived using the similar reasoning.
Using these approximations the solutions of (2.63) can be found in the form

± 1= £c ± -A. (2.67)
2

It follows that the forbidden gap is situated symmetrically with respect to the center of the photonic
gap with the width

A= + (2.68)

equal to "Pythagorean sum" of the widths of the passive photonic and the modified excitonic gaps,

41m(apc) A21+P2 = F0 4 ) A + p. (2.69)t_. 1-p

This is important that in order to have a solid gap the exciton frequency must be situated
not at the center of the gap but rather be shifted towards the higher frequencies. Comparison of
the properties of the solutions of Eq. (2.63) with a consideration of MQW structures without the
mismatch of the indices of refraction [55] shows that the case of the gap being solid must be identified
with the Bragg resonance. That is the condition of the Bragg resonance in a MQW-based photonic
crystal has the form

W + (2.70)

The reason for the necessity of modification of this condition is clear. Indeed, to provide an effective
optical coupling between the excitons in different quantum wells the distance between the quantum
wells must be multiple of half-wavelength of the electromagnetic wave at the exciton frequency. How-
ever, in structures with a modulation of the dielectric function the dispersion relation of the waves
is essentially modified in the vicinity of the boundary of a Brillouin zone [Eq. (2.47)]. Therefore, to
find the wavelength of the wave at the exciton frequency it is necessary to use the dispersion law of
the structure with the modulated dielectric function rather than a homogeneous one.

While the results presented have been obtained using the assumption that p > 0 (that is,
for the normal propagation, n. > flb) they remain valid in the opposite case due to the symmetry
of the transfer matrix under the transformations p -+ -p and apc +-+ fpc. In other words, when we
have the opposite relation between n. and nb all the arguments used above can be repeated with the
mirror reflection of the frequency axis with respect to the center of the photonic gap. In particular,
the Bragg resonance occurs when the exciton frequency coincides with the left (low frequency) edge
of the photonic band gap.

For the case of the normal propagation, when p = (n - nb)/(nw +frb), these solutions were
obtained in Ref. [33]. In a general case Eq. (2.69) yields the dependence of the excitonic contribution
to the forbidden gap on the angle of propagation and the polarization state of the electromagnetic
wave. When the angular dependence of the spectrum is considered it is necessary additionally to
take into account that the position and the width of the photonic band gap depends on the angle of
propagation and the polarization. Both these effects are taken into account by Eqs. (2.49) with the
Fresnel coefficients given by Eqs. (2.45).

It is natural to consider two problems regarding the angular dependence of the spectrum.
First one corresponds to the situation when the system is tuned to the Bragg resonance at an
oblique propagation of the electromagnetic waves in the structure. The second one describes the
fixed structure tuned to the Bragg resonance at normal propagation.
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Figure 2.4: Dependence of the Bragg resonance frequency WB/Wr [see Eq. (2.50)] on the angle of
propagation 0b measured in the barriers. The material parameters are the same as in Fig. 2.3. Bold
and thin lines correspond to p- and s-polarizations, respectively. The vertical lines (the error bars)
show the forbidden gap for each polarization. For better visibility the gap is scaled by the factor of
5.

On Fig. 2.4 the dependence of the Bragg frequency on the angle of propagation is shown
for both s- and p-polarizations. Due to the narrowness of the quantum wells the position of the
Bragg resonance approximately follows the renormalization of the optical width of the period of the
structure cx cos(Ob) for both polarizations. Meanwhile, the change of the width of the gap with the
angle of propagation essentially depends on the polarization. The width monotonously increases
with the angle for s-polarization. For p-polarization it first, decreases, reaches its minimum at
Brewster's angle, where the only contribution to the gap is due to the exciton-light interaction,
and then increases. It should be noted that at Brewster's angle, found from the equation sin 0b =

n//Vnb+ n•, the Fresnel coefficient p, changes its sign [it corresponds to 0b z 0.8 in Fig. 2.4].
Thus, the symmetry argument pointed above says that the Bragg resonance condition corresponds
to coinciding the lower frequency edge of the photonic band gap for p-polarized wave.

When the exciton frequency is not tuned to Q+, so that 6 = w0 - Q+ = 0, in addition to
the contributions to the gap found from the condition of being the r.h.s. Eq. (2.41) negative there
is one more. It is caused by the singularity of the excitonic susceptibility and can be found looking
at the frequencies where the r.h.s. of Eq. (2.42) is negative. In the same approximation as above,
we find that this patch is between wo and w0 + 06, where

Q6 = -i-+jAr, (2.71)

extending to the left or to the right from wo depending on whether w0 is smaller or bigger than
Q+. For slightly off-Bragg structures this frequency is small and in what follows we neglect this
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correction to the structure of the band gap.
Thus, the gap is determined by zeros of r.h.s. of Eq. (2.41) and as the result the structure

of the gap is determined by four frequencies: wo and the roots of the equation

P +[ ýw -Q)W -WO) 4 r .(2.72)

If we put these four frequencies in ascending order the gap is determined by the first and
second pairs of frequencies with a transparency window between them (see Fig. 2.3). The exact
order depends on relation between wo and Q+. If we < Q+ then the gap is between w_ and wo and
between Q+ and w', where

+ (Ap-) 2 + , (2.73)

while there is a window between w0 and Q+. Thus, detuning the exciton resonance frequency away
from Q+ leads to the appearance of the transparency window between w0 and Q+ in the forbidden
gap obtained before for the case wo = Q+ and slight modification of the external edges of the gap.
Taking into account 06 results in shifting the edge of the window from wo to wo + 06. This result is in
a qualitative agreement with the analysis of off-resonant MQW structures [55] and this additionally
confirms the consistency of the modification of the condition of the Bragg resonance to have the
form (2.70). Moreover, now it is clear that the situation when the exciton frequency satisfies a
"standard" Bragg condition actually means having a system detuned from the resonance. Such a
detuning shows up as a transparency window in the forbidden gap [26] or as a dip on the reflection
spectrum [54, 56, 57].

With detuning of the system away from the Bragg resonance the second question about
the angular dependence of the spectrum is related. This is the situation when the system is tuned to
the Bragg resonance at normal propagation, the exciton frequency and the period of the structure
are fixed, and the polariton spectrum is considered for different angles of propagation. As follows
from Fig. 2.4 the Bragg frequency increases with the angle of propagation and, therefore, the struc-
ture becomes detuned from the Bragg resonance. Two gaps appear separated by the transparency
window. One of the gaps is adjacent to the exciton frequency and another one is detached. Fig. 2.5
shows the angular dependence of the forbidden gap for the case of s-polarization. The behavior of
the detached band-gap essentially depends on polarization. For both polarizations there is a collapse
of the detached gap occurring at the angle where (+ = w' (slightly different for different polariza-
tions). This collapse is a specific feature of the resonant photonic crystals and is absent in either
purely passive structures or MQW. The dependence of the adjacent gap on the polarization is rather
weak. This is clear from the following reasoning. A noticeable difference between the polarizations,
as seen from Fig. 2.4, should appear at such angles where WB - wo >» /r, ARC. As follows from
Eq. (2.73) the width of the adjacent gap in this case is

4r (2.74)Aadij( • --

and, up to terms cc AadjApC/(WB - WO), is the same for both polarizations. This weak dependence
accomplished with the relation between the polariton's dispersion law and the optical properties of
finite structures [54] leads to the omnidirectional reflectivity of the structures under consideration.
It follows from the notion that usual scattering problem is set up for a structure embedded in
a medium with essentially lower index of refraction (air or vacuum). As the result the angles
of propagation inside the structure can not exceed the angle of the internal reflection 0, at the
boundary between the structure and surrounding medium. Therefore, for all angles of incidence
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Figure 2.5: The dependence of the band-gap structure of the s-polarized wave on the angle of
propagation 0b measured in the barriers. The material parameters are the same as in Fig. 2.3. The
dashed regions correspond to the forbidden gaps. The structure is assumed to be tuned to the Bragg
resonance at normal propagation.

the range of frequencies between w0 and w_ (0,) corresponds to the forbidden gap and, therefore,
to a resonant reflection. The similar effect has been considered for the ease of passive photonic
crystals in a number of publications [58-61]. Here we would like to emphasize the feature specific
for resonant photonic crystals. Assuming a smallness of the angle of total internal reflection (for a
air-GaAs interface 0, O 0.28) we can describe change of the edges of the photonic band gap by a
simple renormalization of the optical width of the period Q± -- Q± /cos 0. It results in the width
of the region corresponding to the omnidirectional reflection in the form

1 &2
omn (2.75)

2 Q+ sin 2 0c - 2Ape'

where we have assumed that the photonic forbidden gap is not too wide, i.e. Q2+ sin 2 20 > 2Apc. It
is seen that the presence of quantum wells essentially weakens the condition of the omnidirectionality
in comparison with passive photonic crystals.

2.3.4 General modulation of the dielectric function

Using the formalism developed and the expressions for the parameters a and f obtained
before [Eqs. (2.23)] we can derive the dispersion equation in the form Eq. (2.41)

Cos 2 ("-) = h+) [h,(z+) + Sqh2 (z+)] (2.76)
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Figure 2.6: Dependence on frequency of Im(Kd) (solid lines, left scales) for a passive structure
(S - 0) and the boundary values of the solutions of Eq. (2.9) (right scales). The modulation of
the dielectric function is chosen in such a way that n(z) = 3 + cos2 °(vrz/2d), for calculations the
value d = 1 has been used. (a) hi(w) (dashed line), h'(w) (dotted line), Kd is the solution of
Eq. (2.76). (b) h2(w) (dashed line), hl(w)/5 (dotted line), Kd has been found from Eq. (2.77).
Different dispersion equations give the same result, but the conditions of being r.h.s. of these
equations negative determine different forbidden gaps.

or Eq. (2.42)

sin2 ( ) = h2 (z+) [h'(z+) + Sqh'(z+)]. (2.77)

The dispersion equations have this form for all polarization. The only difference is using S, q and
fl,2 appropriate for particular polarization. Eqs. (2.76) and (2.77) are ready for using the general
procedure. In particular, the photonic contribution to the forbidden gap is obtained by setting X =- 0
in Eq. (2.76), so that the frequencies Q± corresponding to the edges of the gap satisfy the equations

hi(z+, Q-) = 0, h'(z+, 1+) = 0, (2.78)

where Q: as arguments denote that the functions h1 ,2 are solutions of corresponding homogenous
equations [Eqs. (2.5) or (2.27) with X - 0] when w = 9:F respectively.

Thus the boundaries of the forbidden gap lie at points of zero of even and the maximum
of odd solutions. This puts the result about the gaps in the spectrum of a photonic crystal in a
perspective of the oscillating theorem about the number of zeros of an n-th eigenfunction of a Sturm-
Liouville problem [62] (see Fig. 2.6). In Eqs. (2.78) we implicitly assumed that the odd solution
reaches the maximum at a frequency which is bigger than that where the even solution vanishes.
Of course, the exact answer depends on details of the modulation of the dielectric function. This
assumption is true for such E(z) that monotonously decreases, for z > 0, from the position of the
quantum well up to the boundary of the elementary cell and this is enough for our consideration
here.

The analysis of the full dispersion equations repeats the one provided in the previous
subsection, with the substitutions apc = 92 and fPc = gl. In particular, the parameters, t±, of the
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equation for the boundaries of the forbidden gap, Eq. (2.63) are defined in terms of boundary values
of fl,2 as

1 Ohl(Q-) t 1 ah2(+) (2.79)

Following the outlined procedure we immediately obtain the necessity of the modification of
the Bragg resonance obtained before for the case of a piece-wise constant modulation of the dielectric
function. In order to have a solid forbidden gap, the singularity of the excitonic susceptibility at
the exciton frequency must be cancelled by the first term f2(z+) in Eq. (2.76). This corresponds
to coinciding of the exciton frequency and the high frequency boundary of the photonic gap, Q+.
Eqs. (2.78) prove the representation of the Bragg resonance condition in terms of the effective optical
width of the period of the structure, 0, defined by Eq. (3.16) (see Chapter 3). At the point where
f2 = 0 one has a/d = -1 yielding €(Q+) = 7r. This allows one to write down the Bragg condition
in the form similar to what one has in the case of pure MQW structure, 4(wo) = 7r. This form is
convenient for practical calculations.

The second result is the width of the forbidden gap in the case of the Bragg resonance.
Performing the expansion similar to Eqs. (2.62) we can obtain the equation for boundaries of the
forbidden gap

(w-Q+) W-=0, (2.80)

with ý, given by the first part of Eq. (2.69). The analysis of Eq. (2.80) completely repeats that of
Eq. (2.63). In particular the width of the forbidden gap is determined by the Pythagorean sum of
the photonic and excitonic contributions

A P = C + Ar, (2.81)

where Apc = 10+ - Q-1. The relation between the parameters apC and fpc and the solutions
of corresponding differential equations allows us to express the renormalization of the excitonic
contribution to the forbidden gap in terms of a quantity having a direct physics sense. Using the
standard procedure of differentiating of a solution of a differential equation with respect to parameter
one obtains for s- and p-polarizations

and - (2.82)
Ar 4Qi-wou& Ar/ 4Q-wou(4)

repetvey Her wedhave intr(2.83)
i/P 21S

where E(1) is the s- and p-polarized electric fields corresponding to the even mode of the photonic
crystal. Eq. (2.82) describes the effect of the modulation of the dielectric function on the exciton
contribution to the exciton-polariton spectrum. First, as could be expected, only even mode of the
photonic crystal contributes to the exciton-photon interaction and, second, the modification can be
estimated to be proportional to Uq(/U(1), where uq(l) and u(1) are the energies of the even mode of
the photonic crystal in the quantum well and the whole elementary cell, respectively. This means
that the modification of the exciton-light interaction depends on the distribution of the electric field
inside the elementary cell at the frequency corresponding to Q_. If the electric field is pushed out of
the center of the elementary cell, i.e. the quantum well, then the excitonic effects are reduced and
vice versa.
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Figure 2.7: Dependence of Im(Kd) on frequency for different structures in a vicinity of the first for-
bidden gap when the exciton homogeneous broadening is taken into account. Dashed line represents
the passive structure from Fig. 2.6. Solid line shows a Bragg-MQW structure with a homogeneous
dielectric function. Dotted line represents the structure with combination of quantum wells and
the smooth modulation of the dielectric function. The characteristic feature is a divergence of the
penetration length (Im K)-1 at the exciton frequency.

Consideration of off-Bragg structures is exactly the same as in Section 2.3.3 with the same
main results. Therefore, we do not repeat it here. We supplement the analysis provided in the
previous subsection by a discussion of an effect of homogeneous broadening on the spectrum of
the exciton polaritons. We assume that the only source of the dissipation of the energy of the
electromagnetic wave is a broadening of the exciton line. In the presence of losses the conception
of band gaps becomes ill-defined because the imaginary part of the Bloch wave-number, generally
speaking, is not zero at all frequencies. Therefore it is necessary to consider directly solutions of Eq.
(2.76). Representing Kd in the form

Kd = 7r + iA (2.84)

and assuming a smallness of A we can write

\
2 = 4t+L(Q+- w - .2 - ). (2.85)

W w - Woo - -Y )"

As one can see from this expression A vanishes at the frequency corresponding to the right edge of
the photonic band gap. The similar effect of divergence of the penetration length of polaritons in
media with homogeneous broadening takes place in MQW [55] structures without the contrast. The
important difference, however, is that in the latter case it happens at the exciton frequency that lies
at the center of the forbidden gap. Fig. 2.7 shows the comparison of the solutions of the dispersion
equation for different structures with taken into account the exciton homogenous broadening.

To complete the consideration of the exciton polaritons in the resonant photonic crystals
let us briefly discuss the dispersion law w(K) of the polaritons near frequencies corresponding to the
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Figure 2.8: The periodic structure with two quantum wells (dark rectangulars) in the elementary cell.
Dash lines show the boundaries of an elementary cell having the mirror symmetry. The quantum
well with the exciton frequency w2 is assumed to have the index of refraction different from other
elements of the structure.

band edges. The polariton's dispersion law can be obtained resolving Eq. (2.76) with respect to w.
In the case of the Bragg resonance it reduces to a quadratic equation with the solutions

w-(K) = -, ± 1 VA
2 

+ ( 2(K - KB)
2 , (2.86)

2

where KB = ir/d is the Bloch wave-number corresponding to the boundary of the first Brillouin
zone and C = d/t+t_. These two branches with positive and negative masses, m± = ±2h 2A/( 2 , lie
in the bands that are above and below the forbidden gap, respectively. In addition to these branches
there is one more dispersionless branch at the exciton frequency WB(K) = Wo.

Let now the system be detuned from the Bragg resonance with the parameter of the de-
tuning 6 = wo - Q2+. If the detuning is not too big, 161 < Ar, it leads to only a slight modification
of the polariton branches (2.86). In particular, the magnitudes of their masses are little bit different
in this case

( Apc6 25 (2.87)m-•(6)=m+ 1- +25 •
A2  A T AP0  - 2.7

Near the band edges the dispersion laws of these branches become w± (K) = w + h 2 (K-Kb)2 /2m±,
where w' are given by Eq. (2.73).

What is more important is that the third branch acquires the dispersion

WB(K) = Q+ + AL"(K -_ KB) 2 . (2.88)

That is the mass of the third branch (the braggaritons [26]) becomes finite in the off-Bragg structures
mB = h2

&21/2(6. Let us note that the extremum point of the dispersion curve lies at Q+ and the
mass of the braggaritons, particularly its sign, depends on the parameter of detuning.

2.3.5 MQW structures with complex elementary cells

Here we illustrate the application of the developed technique to structures with complex
elementary cells studied in Ref. [33]. We consider only one particular example when the elementary
cell contains two quantum wells half-period apart and these quantum wells differ by the value of
the exciton frequency, w, and w2 (see Fig. 2.8). One of the interesting results obtained in Ref. [33]
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for such structures was that the condition of having a solid gap involves all excitonic frequencies
in the system. That is, this is not enough just to tune the period of the system according to, for
example, the mean value of the frequencies. It is necessary to have the special separation between
the frequencies. Second, at the same value of the period as Bragg MQW structure with a simple
cell it turns out to be possible to increase the effective interaction between excitons and photons by
the factor of vl2. More formally, this is expressed by the fact that the half-width of the forbidden
gap for such structures is

ACs = Vf2Ar. (2.89)

This eventually means that it is possible to increase the exciton-photon interaction thanks to increas-
ing density of quantum wells in the structure. However, special conditions on the exciton frequencies
must be imposed, while "random" rearrangement of the quantum wells will most likely lead to a
crumbly structure of the forbidden gap and, as the result, to a complicated and rather not favorable
optical spectra.

Here we would like to consider the effect of the mismatch of the indices of the refraction
on the spectral properties of such structures. For this purposes we consider a simple case when all
elements of the structure, except the wells with the exciton frequency w2, have the same exciton
frequency. Formally, the dispersion equation for such structure in the case of normal propagation
has been obtained in Ref. [33] by more conventional methods, but that equation turned out to be
too cumbersome to allow non-numerical analysis.

To apply the technique developed in the present paper it is necessary to choose the elemen-
tary cell with the explicit mirror symmetry. It can be done as shown in Fig. 2.8. The problem of
writing the transfer matrices through the right and left halves of the quantum well can be resolved
in the following way. We note that the quantum well transfer matrix T" determined by Eq. (2.52)
can be written in a factorized form

T. = Tb(Ow/2)TWTb(Ow/2), (2.90)

where T, is derived from the expression for T, by setting ¢ - 0. Using this factorization the
transfer matrix through the elementary cell can be written in the form similar to Eq. (2.34)

T - T(i) Tb(Ob + 0./2) T,1 T( 2) TpTb(¢b + €•/2) . (2.91)

The difference between the indices of refraction is taken into account by introduction corresponding
Fresnel coefficient entering T,. The transfer matrices through different quantum wells (,7'2 ) are
obtained from Eq. (2.52) by substitution of the different excitonic susceptibilities

S1 2 - • (2.92)' w - W1,2 + iY'

The square root VT(1) can be found to be

S= (1-iS1/2 -iSi/2i iS,12 1 s / ) "(2.93)

Now, we can apply Eqs. (2.35), (2.36) and (2.37) to derive (a, f)-representation for T. The
dispersion equation following from this representation has a relatively simple form

cos 2 (_d) = 1 p2 [Re(a) + Si Im(a)] [Re(b) + S 2 Im(b)], (2.94)
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where a = exp(i¢+) - pexp(io_), b = exp(i¢+) + pexp(iq_) [compare with Eqs. (2.46)], and
0± = w(2dbn + dwn ± d•,n 2)/2c. Comparison with Eq. (2.61) shows that Eq. (2.94) is proportional
to the product of dispersion equations for MQW structures with a mismatch of indices of refraction
considered in details in Subsection 2.3.3. This fact makes it reasonable to interpret this equation as
an interaction of polariton branches in different sublattices.

It is seen that the structure of the forbidden gap is determined by six characteristic fre-
quencies where r.h.s. of Eq. (2.94) changes its sign, so that, generally, the gap has two transparency
windows. This makes the analysis of the equation somewhat long but straightforward. We restrict
ourselves to detailed consideration of the resonant case when the solid forbidden gap is formed. As
we already know from previously considered examples the solid gap is formed when the exciton
frequencies coincide with one of characteristic frequencies of the system without the corresponding
excitonic contribution. Such frequencies in the case under consideration are the boundaries of the
polariton branches. Let for concreteness one have w2 > w1 , then for a solid gap to form w, should fall
to the low-frequency boundary of the second branch gap and w2 should coincide with high-frequency
boundary of the first branch gap.

Let us denote these frequencies by w 2. The lower index shows which branch we consider

and + denotes high- and low-frequency boundaries, respectively. The frequencies W± are determined1,2 aedtrie

by

cot 2 (wi±iL± +-f _)2 +A, (2.95S1 1

1 -(2.95)
2 2

where QF are determined by Eqs. (2.49), and, for simplicity, we assumed the same value of the ef-
fective exciton-light interaction for both branches, i.e. we have neglected possible difference between
the exciton radiative decay rates in different wells and have neglected the renormalization of r0 due
to the spatial modulation of the dielectric function [see Eqs. (2.69) and (2.82)]. The generalization
is straightforward but leads to nothing new except cumbersome expressions.

Let us, first, consider the case when the index of refraction of the wells of the second type
is higher, i.e. p > 0. The condition of absence of transparency windows inside the gap (the Bragg
resonance condition) is formulated as Wt = W2 and w2 = wl. Resolving these equations with respect
to the exciton frequencies one obtains

wo f2c, P2A+Apc -Ape), (2.96)

where w0 and S are determined by wl,2 = wo:o1/2. Substitution of found relations into the expression
for the width of the gap A = w+ - c- gives familiar result

A A 2' + . (2.97)

The opposite relation between the indices of refraction can be considered using transformation
Apc -* -Apc. It changes the Bragg condition [the second equation of Eqs. (2.96)] but leaves the
width of the gap (2.97) the same.

Thus, taking into account the mismatch of the indices of refraction in the system with
complex elementary cell leads to modification of the Bragg condition in comparison with what one
has in the case of absent mismatch. This modification has a different character then in structures
with a simple cell. The mean value of the exciton frequencies stays at the center of the forbidden
gap and only the difference between the frequencies must be corrected to take into account the
mismatch. The resultant gap is, as well as in the case of simple cell, again the Pythagorean sum of
the photonic and the excitonic contributions.
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2.4 The effect of a complex structure of the exciton states

In the previous Section we essentially use the (a, f)-representation of the transfer matrix.
As has been discussed the necessary condition of existence of the (a, f)-representation is the mirror
symmetry of the elementary cell. It should be noted that such symmetry is a property of two
characteristics of the medium, the modulation of the dielectric function and the profile of the exciton
wave function. The symmetry of the dielectric function is specified during the growing process
and can be considered fixed. The symmetrical properties of the exciton wave function are the
consequences of those of the confining potential and can be relatively easy changed. For example,
one of the possible applications of multiple quantum well structures is related to the possibility
of the tuning the exciton frequency using the quantum confined Stark effect [63-65]. The applied
electric field obviously breaks the mirror symmetry of the potential and as the result the exciton
wave function does not have a definite parity.

Another deviation from the situation considered in the previous sections is a multilevel
property of the exciton levels. Generally, the different exciton states, is, 2s and so on, either have
energies well separated from each other (in comparison with the width of the gap A) or have small
oscillator strength. As the result, in a vicinity of a particular exciton frequency the contributions of
other exciton states are negligibly small. However, in specially engineered structures the situation
can be completely different. As an example let us consider structures with two identical quantum
wells in the elementary cell. If the wells are sufficiently close to each other then the hybridization of
the exciton in these wells leads to splitting of the exciton level with the value of the split determined
by the distance between the wells.

All these deviations lead to changes of the picture of the exciton polariton spectrum in
comparison with that established above. A complete analysis of these changes requires a special
approach different from used above. In present Section we briefly consider the effect of a non-trivial
structure of the exciton states on the polariton spectrum in cases when this effect is in some sense
small. We will consider explicitly the case of an s-polarized electromagnetic wave. Using the results
of Section 2.1 a similar analysis of the case of the p polarization can be provided.

2.4.1 The transfer matrix and the dispersion equation

When the mirror symmetry is absent the transfer matrix does not have the property T21 =

-T 12 (see Section 2.2). As the result the transfer matrices can not be represented in the form (2.22).
However, the basic steps to obtain the transfer matrix remain the same. The only difference is the
form of the exciton contribution to the polarization P,,C because of existence of multiple exciton
levels. The interaction of light with each exciton state is given by Eq. (2.2). Thus, to obtain the
total polarization one has to sum all these contributions. This gives

Perc = > Xe 1 2 "D (z) J dz' ,$Q)(z')E± (z'), (2.98)
n

where the index m runs over all quantum wells in the structure and the index £ accounts the exciton
states. The interaction of light with the £-th exciton state is specified by the projection of the

electric field on the wave function of the £-th state 4D$2) (z) and the corresponding susceptibility
Xe = ae/(we - w + 'y). The latter is conveniently represented by a diagonal matrix k (below the hat
is used to denote a matrix in the "space" of the exciton states) with the matrix elements gee, = 6eexe.
In Eq. (2.98) and in what follows the bar denotes the complex conjugation. We provide formulas
with generally complex exciton wave functions to resolve the problem of transformation properties
of main quantities under the unitary transformation of the exciton states.
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The derivation of the transfer matrix follows the same steps as in Section 2.1. In the basis
of the functions h1 ,2 one has

S( 2 S22  (2.99)Th =I+ 2q\ (Sn $21 )]I

where Sij = -27rw 2 Tr( ij)/qc2 Wh. Here we introduced the matrices ýij, the tensor products of
the vectors

Sv V m dz(V)(z)hi(z), 
(2.100)

with the elements (ij)we'= ---'). The effective susceptibility X in Eq. (2.99) is found to be

4=2 1X X/7- , (2.101)

where the matrix Q has the elements

Sdz (1) (z) (G * 4e))(z). (2.102)

The transfer matrix in the basis of the plane waves can be obtained using mapping (A.9).
We would like to discuss a general structure of the effective susceptibility. As well as in the

one-level case one has a radiative shift of the exciton frequency. In addition to this • has off-diagonal
elements which lead to a weak radiative mixing of the exciton levels [see below Eqs. (2.108) and
(2.110)]. It is convenient to separate the diagonal and the off-diagonal parts of ý writing the latter
as U = ý" + ý, (clearly only the symmetric part of 9 contributes to ad). Using this representation
the effective susceptibility (2.101) can be approximated by

X - 4ir C -- (2.103)

where the diagonal matrix a takes into account the radiative shifts of the exciton levels

1 + • (2.104)

For usual long-period MQW structures both the radiative shift of the exciton resonant
frequency and the off-diagonal part of the effective susceptibility are small. The smallness of latter
is provided by the narrowness of the quantum wells, so that Vo2 are small. The radiative shift (and
the whole symmetric part of ý) is small for narrow quantum wells because of the same reasoning and
also because of the fact that for narrow quantum wells the terms h2(zl)hl (z2) and h2(z 2)hl (z1 ) are
close. To these arguments it should be added that if the difference between the energies of the exciton
levels is bigger than the width of exciton related peculiarities in the polariton spectrum then the
off-diagonal part of the effective susceptibility is additionally subsided by the factor c jwe - we I-1.
It should be noted, thereupon, that the situation can be different in special MQW structures. For
example, in mentioned above structures with two sufficiently close quantum wells in the elementary
cell. In such structures the off-diagonal part of the effective susceptibility becomes essential.

The dispersion equation following from the transfer matrix can be written in the form
2 (-d) = + Sqh 2 )(h 2  2 hl ( S2

Cos2 h + -n 2)( 2 $qh 1) "+ '1h 21 S12 + -- (2 1 -S$12)- (2.105)
2 W h 2Wh
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It is seen that if the exciton wave function has a definite symmetry (either odd or even with respect
to the center of the elementary cells) S 1 2 ,2 1 • 0 and an equation with the structure of Eq. (2.76)
is restored. It should be noted that the absence of the mirror symmetry itself does not imply an
impossibility to factorize the dispersion equation. However, it can be shown that generally the
factorization can not be done similarly to Eq. (2.76), i.e. in terms of a linear combination of the
boundary values of the linearly independent solutions of the corresponding Cauchy problems.

2.4.2 Single-level excitonic susceptibility

First we consider the simplest case when there is only single exciton level interacting with
light but the corresponding wavefunction does not have definite symmetry, i.e. for even and odd
h, and h 2 both projections V 1,2 do not turn to zero. In this case the dispersion equation can be
simplified noting that Sij = ý2Trw

2 oyij/qc2 Wh [see also Eq. (2.15)] where ý is given by Eq. (2.12).
Let us assume that the non-symmetricity of the wave function is small as it takes place,

for example, in structures placed in a uniform electric field. To emphasize this circumstance the
dispersion equation is convenient to write down in the form

cos2 (K)= Wh2 + Snqh2 ) - Wý-hhS22q. (2.106)

As follows from this equation the non-symmetricity is quantified by A2 = a27rw22/qc2 [compare
with Eqs. (2.69) and (2.20)]. So that the smallness can be understood as Aa < Ar.

It is clear that because of the absence of the mirror symmetry the optimal coupling between
the excitons localized in different quantum wells can not be provided by the modes of the photonic
crystal at an edge of the forbidden gap, i.e. with K = KB. Instead, the states inside the band
should be involved. Indeed, as follows from Eq. (2.106) the condition of the Bragg resonance in this
case has the form

A + A2 ApC
W(+ - w)(w+ -4(+)' (2.107)

where the frequencies w± are determined by Eq. (2.67). When this condition is fulfilled there is
a solid gap in the polariton spectrum with the width of the gap reduced in comparison with the
symmetric case by the value _ A2/A.

2.4.3 Multilevel excitonic susceptibility

If the exciton states can be characterized by a definite parity then, as follows from the
expression for the effective susceptibility, Eq. (2.103), the multilevel structure of the excitonic sus-
ceptibility leads to multiple poles of the function S(w) in the dispersion equation (2.76). The main
consequence of having several poles is that generally speaking the polariton gap has at least one
transparency window. Changing the period of the structure one can cancel a peculiarity at most one
resonant frequency by placing it at the high-frequency boundary of the photonic gap. The complete
cancellation of the resonances in r.h.s. of Eq. (2.76) requires a special relation between the oscillator
strengths corresponding to different resonances which is quite improbable in a general case.

More interesting situation appears when the different exciton levels correspond to the wave
functions with different parity. In this case the effective susceptibility has non-zero off-diagonal part
what leads to an optical mixing of the exciton states. To emphasize this effect we consider the
case when only two exciton levels characterized by the frequencies w1 ,2 (already modified by the
radiative shifts) are involved. In this case the effective susceptibility can explicitly be written down
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in a relatively simple form

X 1w - ( 1a( - W2) 4' aA2 gi2cX' 4•1 f W2 (2.108)
(--W1 - w2 ) "-,--a1 2r21 a2(W - w1) )(1

where al,2 are the coupling parameters between light and corresponding exciton states, 9 12,21 are
the matrix elements of g given by Eq. (2.102) and the mixing parameter 17 is defined as

=129 210 1 a 2 (4rw2) 2 . (2.109)

We also assume that each level has a definite parity, namely, the state 1 is even and the state 2 is
odd. As the result, only two of the parameters W) are not zero, V1) and V(2). Substitution of the
effective susceptibility into Eq. (2.105) gives the dispersion equation

cos (L_) 2- (h, + Slqh 2) -h 2qh + WL 12q, (2.110)
CO 2 W-•h Wh1, "W -hlh)°

where

S = l,2 ,,(1,2) 2 27rw 
2  W - ,1

, 1,i,2 ) c
2  

(P - W1)(w - w 2 ) - 7'

( 1) (2) 2w 2 )2 1 - (2.111)
S12= V c2 P(w - W-)(w - w2) - 77

Without going into a detailed technical analysis of the polariton spectrum in this case let us note
the most interesting feature of Eq. (2.110). If one formally neglects terms cx (2) in this equation the
spectrum turns to that one has in the case of a multilevel excitonic susceptibility discussed above.
The important difference is that the exciton peculiarities are situated at the frequencies w., and wa
which are determined by zeros of the denominator in Eq. (2.111). These frequencies have a structure
of a result of an additional interaction between the exciton states induced by the electromagnetic
wave. This interaction with the intensity oc ,F?7 repels the exciton levels (if 17 > 0) or brings them
closer to each other (if ?7 < 0). However, the interaction of the excitons with an electromagnetic wave
does not lead to a modification of the actual exciton levels because this interaction enters as a source
in the exciton Shr~dinger equation (see e.g. Ref. [8]). Thus, the change of the resonant frequencies
is the effect of the same nature as the usual radiative shift of the exciton frequency [Eq. (2.13)]. We
would like to note that the optical mixing disappears if the exciton wave functions do not overlap.
It can be shown usin,& the fact that in this case by an appropriate unitary transformation one of
the matrix elements g12,21 can be turned to zero implying 77 = 0. In this connection the resonance
frequencies wq,b should be defined without a reference to a particular form of the matrix elements
of the effective susceptibility. It can be shown, however, that these frequencies correspond to poles
of det X which are not altered by unitary transformations.

To conclude the consideration of the effect of the complex structure of the exciton levels on
the polariton spectrum we would like to note that a distinction should be made between the struc-
tures with coupled quantum wells in the elementary cell and structures with a complex elementary
cells (see Refs. [33, 66, 67] and also Section 2.3.5). The first are characterized by the hybridized
exciton states i.e. the electromagnetic wave interacts with the exciton localized over both quantum
wells. In the structures with the complex elementary cell the excitons are localized in their own
quantum wells. The different microscopical pictures of the exciton states lead to the different form
of the exciton contributions to the polarization in the Maxwell equations (2.5) and, eventually, to
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different features of electromagnetic waves propagating through the structures. In particular, in
the structures with the complex elementary cell the effective exciton susceptibility remains diagonal
after transition to a pair of non-overlapping wave functions and therefore there is no the radiative
mixing of the exciton levels.

2.5 Discussion

This technique developed in the present Chapter has two key features. First of all this
is a relation between the parameters of the representation and solutions of appropriate Cauchy
problems. It relates results regarding properties of solutions of the differential equations and the
spectral properties. In particular, it puts the result about the forbidden gaps in the perspective of
the oscillating theorem. We would like to emphasize that this relation automatically establishes the
correctness of a problem of propagation of electromagnetic waves in 1D structures with dispersion
and absorbtion. In particular, it makes it possible to avoid the question about eigenmodes of the
system (which are well defined only when the operator governing the spatial distribution of the
electric field is self-adjoint) and still obtain all necessary information for an analysis of optical and
spectral properties of the system. This relation sets up a complete framework for description of 1D
systems.

The second feature is a special representation of the transfer matrix for structures with an
elementary cell possessing mirror symmetry. This representation yields the dispersion equation in a
factorized form. It drastically simplifies the analysis of the spectrum.

Thus, these two features open a number of problems for a detailed constructive analysis.
In addition to the questions considered in the present Chapter these are reflection and transmission
properties of finite structures (see Chapter 3), excitation of the field by external sources such as
embedded excited atoms or radiative exciton recombination (see Chapter 4), polariton density of
states and other. We also believe that the constructed general setup allows one to apply the results
obtained for more complicated systems, e.g. quantum graphs [68, 69].
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Chapter 3

Optics of finite structures

3.1 Single quantum well in a dielectric environment

It is constructive to start an analysis from consideration of a simple case of a single quantum
well in a dielectric environment. We consider the situation when the indices of refraction of the
well and the surrounding barriers are n. and nb respectively. Using the usual Maxwell boundary
conditions the transfer matrix through one period of the structure in the basis of incoming and
outgoing plane waves can be written in the form

T ,= 1/2-r 1nr• r/2

Tb .1 Tbw.lTTbT1b, (3.1)

where

1/ (ei~b/ 2  0-4b2 32

is the transfer matrix through the halves of the barriers surrounding the quantum well. Here

Ob = wnbdb COS ObIC with db being the width of the barrier and Ob being an angle between the
wave vector k inside the barrier and the direction of the z-axis, ez.

The scattering of the electromagnetic wave at the interface between the quantum well and
the barrier caused by the mismatch of the indices of refraction of their materials is described by

Tbw = Tj = TP(p) =- P 1 (3.3)

where p is the Fresnel reflection coefficient (see, e.g. Ref. [44]). The interface scattering depends
upon both the angle of incidence of the wave and its polarization state. These effects are effectively
described by an introduction of corresponding Fresnel coefficients P, and pp

nw cos 0w - nb COS Ob

nw cos 0, + nb COS Ob

nw COS Ob - nb COS Ow

n= cos Ob + nb cos ow (3.4)

for s (E I_ (k, 6,)) and p (E 11 (k, 6,)) polarizations respectively. The angular dependence of these
coefficients upon the angle of incidence measured inside the barrier is schematically shown in Fig.
3.1.

Finally,
(7, (1 - is) -isis(35

T•= , is e-¢(l +iS 35
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Figure 3.1: A scheme of the angular dependence of the Fresnel coefficients P, and pp upon the angle
0,, is shown on the complex plane. At normal incidence the coefficients have values shown by small
filled circles (the same for both polarizations). When the angle of incidence increases the coefficients
follow the arrows on the lines. p, passes through 0 at the Brewster's angle, both coefficients reach
the unit circle at the angle of total internal reflection. When the angle increases further the Fresnel
coefficients become complex with the unit modulus and increasing argument.

is the transfer matrix through the quantum well. Here 0. = wnwd. cos O0/c, where d, is the width
of the quantum well and 0, is the angle between the wave vector k inside the quantum well and
the growth direction &b. The excitonic contribution to the scattering of the light is described by the
function

S = o (3.6)
w - w0 + iv '

which we will call the excitonic susceptibility in what follows. The radiative decay rate, F0, at
normal incidence is determined in the case under consideration by

1 3 ( (z cs z z2
To = 2TrkWLTaB Y D(z)coskzdz (3.7)

For oblique incidence the radiative decay rates are renormalized in different ways for differ-
ent polarizations [see Eqs. (2.20) and (2.30)]. For p-polarization in addition to this renormalization it
is also necessary to take into account a possible splitting of Z- and L-exciton modes [46, 47, 70] that
gives rise to a two-pole form of S. However, in materials with the zinc-blend structure, as has been
shown in Introduction, the Z-mode of the heavy-hole excitons is optically inactive. Thereby, one
can describe angle dependencies of the radiative decay rate for s- and p-polarizations respectively
by simple expressions [32, 46, 47]

r(0 = r0/cos o, r(P)= ro cos o,. (3.8)

Thus, the propagation of light in the structures under consideration depends upon a number
of natural parameters such as Fresnel coefficients, exciton frequencies and radiative decay rate, and
optical widths, which (with the exception of wo) depend upon the angle of incidence of the wave
and its polarization state.

Our next step is to simplify the presentation of the total transfer matrix through the
period of the structure in such a way that makes the relations between the elements of the transfer
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matrix and the natural parameters of the structure more apparent. The most complicated part
of the transfer matrix is the product TbwT,,T,,b, which describes the reflection of the wave from
the interface and its interaction with quantum well excitons. We simplify it by noting that this
product can be presented as TbT,T ,b T,, , where T, has the same form as T", Eq. (3.5), but
with renormalized parameters

TbTTb (e ) (3.9)Tw TbT,•,•b= \ iS e -i (1 +iS '

where the effective excitonic susceptibility, S, and the phase shift, ,, are defined as

S=1 + p 2  2pcosow 2 sinew 1 -pe-i-
S-p + p1-•--2  e I1-€peio" (3.10)

Here p denotes the Fresnel coefficient for the wave of a respective polarization. Taking into account
the diagonal form of the transfer matrix through the barrier Tb one can see that the total transfer
matrix through the period of the structure again has the form of a single quantum well transfer
matrix and is determined by Eq. (3.5) where the phase &, is replaced by a total phase € = Ob + dw.

Thus, we have shown that the propagation of the wave in MQW based photonic crystals
can be described in terms of properties of a respective optical lattice with renormalized parameters.
The renormalization of the phase is the simplest one: the expression for b,• can be rewritten as

1+P1 
1 +P ( . 1

provided that the change of phase 0€, across the well is much smaller than 27r, which is usually true
for long period MQW structures. Hence, one of the effects of the index of refraction contrast is
reduced to a simple renormalization of the optical width of the quantum well.

The effective susceptibility, S, consists of two terms. One of them has a singularity at the
exciton frequency while the second varies slowly in a wide frequency region. The relation between
these terms essentially depends upon the frequency and near the exciton resonance the second term
is negligibly small. The frequency region where the nonsingular addition is negligible can be found
from Eq. (3.10) and is determined by

<mn-Al, 1+ip 2 -co~
A wol < n 1 - 2pcos (3.12)[W--•0[< Jin=2Ape 1 -- p2

Here Ar = 2FV/-r-w/7r is the half-width of the forbidden gap in a Bragg MQW without a mismatch of
the indices of refraction, and ApC = 2wpsin[0.(Wo)]/ir(1-p 2 ) is the half-width of the forbidden gap
in a non-resonant (passive) photonic crystal with the same mismatch calculated in the limit ApC <K
wr, where wr is the central frequency of the gap. In the presence of broadening (both homogeneous
and inhomogeneous) there is an additional restriction on this frequency interval: Iwo - wl > -y, and
for large enough -y it may cease to exist. This will mean that the exciton resonances play very little
role in the system, which, in this case, can be considered as a regular passive photonic crystals.
In real GaAs/GaAlAs systems, this happens when y exceeds the value of about 10meV, which
is significantly larger than inhomogeneous broadening in most QW structures, and corresponds to
room temperatures for homogeneous broadening. Thus, in good quality samples and at sufficiently
low temperatures there always exists a frequency region determined by Eq. (3.12), where the non-
singular addition to the effective susceptibility, Eq. (3.10) is negligible regardless of how strong is
the mismatch between refractive indexes. Depending on the strength of the mismatch, this region,
however, can cover all or only part of the spectral interval affected by excitons. In the case of a single
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Figure 3.2: Change of the effective radiative decay rates Fr (solid line) and F, (dotted line) with
the angle of incidence for a single quantum well.

quantum well or of a MQW with a small number of periods, the frequency region of interest is of the
order of FO, which is typically much smaller than Wmjn in Eq.(3.12). In this case the refractive index
mismatch can be described in the resonant approximation with only the first term in Eq. (3.10) for
the effective susceptibility retained. In this approximation, the effects of the mismatch of the indices
of refraction, non-perpendicular incidence, and the polarization are reduced to a renormalization of
the radiative decay rate. This means that these effects can be taken into account by using standard
expressions obtained for normal incidence in the absence of the mismatch with the radiative decay
rate replaced with its effective value

rs,p =- r~s,p) 1 +} P2- 2p cos (313

S- P (3.13)

Depending on the value of the Fresnel coefficient one can observe either an enhancement (when

p < 0) or a reduction (when p > 0) of the exciton radiative recombination. Since usually n. > nb,
the Fresnel coefficient for the normal incidence is positive and therefore the oscillator strength is
diminished compared to the case of the absence of the contrast. When the angle of incidence
increases, in addition to different dependencies of the Fresnel coefficients corresponding to different
polarization states following from Eqs. (3.4), it is necessary to take into account direct modification
of the oscillator strength given by Eqs. (3.8). Fig. 3.2 shows the dependence of the factor modifying
the radiative decay rate upon the angle of incidence.

3.2 Reflection spectra of simple structures

The representation of the transfer matrix through the period of MQW structure introduced
in the previous Chapter in Eq. (2.22) was convenient for an analysis of the band structure because
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it solved the problem of the factorization of the dispersion equation. However, for the reflection
coefficient it gives an additive form r cc exp(i arg(a)) + exp(i arg(f)). This form labors establishing
the relation between the parameters of the system and the form of the reflection spectrum. Therefore,
it is sensible to introduce a special representation for the transfer matrix

(,cos 0 - i sin coshfl -i sin 0 sinh3 (3."
T(O,/) = i sin0sinhf6 cos0 + isin0cosh/3) ' (3.14)

where the parameters of the representation, 0 and 13, are related to the "material" parameters S
and ¢ by

cos0 = TrT/2 = cos€ + Ssin , cothfi = cost - S-1 sine. (3.15)

This representation is valid for an arbitrary system that possesses a mirror symmetry with respect to
a plane passing through the middle of the structure. It can be easily derived taking into account the
equality of the determinant of the matrix to one, and the circumstance that the mirror symmetry
requires off-diagonal elements to be imaginary. Due to the general character of the representations
(3.14), the material parameters entering Eq. (3.15) can be either the parameters of a single quantum
well, Eq. (3.5) or the effective parameters S and 0, Eqs. (3.9) and (3.10), of a barrier-well sandwich,
or even parameters characterizing the entire MQW structure as long as the latter possess the mirror
symmetry.

It is useful to compare this representations with the (a, f)-representation [Eq. (2.22)]. Of
course, there is a direct relation between all these representations. To see this it is enough to note
that for arbitrary matrix in the form (a, f)-representation one can introduce an effective optical
width of the period of the structure, €, and an effective exciton susceptibility, S. The relation
between the parameters of the (a, f)-representation and these effective parameters can be found
comparing Eqs. (2.22) and (3.5)

S = a- af), et4 - a (3.16)

This relation can be used to generalize the result of present Chapter for a case of general periodic
modulation of the dielectric function. It should be noted that the (a, f)-representation itself is
not convenient for an analysis of finite structures since the relation between the parameters of the
representation of a transfer matrix through a single layer and the whole structure becomes quite
cumbersome [see Eq. (3.52)]. This is where the representation (3.14) becomes very convenient. The
latter representation, in turn, misses the possibility to factorize the dispersion equation what makes
it barely suitable for a constructive analysis of the dispersion law.

Using the representation (3.14) we can introduce the following transformation rule for
transfer matrices

TH (b)T(9,Q)TH1(p) = T(9, fi + 2V), (3.17)

where matrix TH describes a hyperbolic rotation with a dilation and has the form of

TH(b) = el' cosh4' -sinh(.
(-sinh cosh4 " (3.18)

This transformation rule can be used, for instance, for diagonalization of transfer matrices, which can
be achieved by choosing parameter 0 = -fl/2. Matrix TH can be turned into matrix Tb,, Eq. (3.3),
which describes propagation of waves through interface between two media with different refraction
coefficients by using the following relation between V) and the Fresnel parameter p: p = - tanh(O)
(a detailed discussion of a relation between interface scattering and the hyperbolic rotation can be
found in Ref. [71]). This means that the transformation, Eq. (3.17), can be either used to describe
the interface between two different structures, or in order to present any type of non-diagonality
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of the transfer-matrix as resulting from some effective interface. With the help of Eq. (3.17), any
symmetric multilayer structure can be replaced by a uniform slab with the width given by 0 and
the index of refraction determined by b. Therefore, it can be used to describe structures which are
more complicated than a simple three layer barrier-well sandwich considered in the previous section.
For instance, using Eq. (3.17) we can immediately derive an expression for the transfer matrix TN
of a sequence of identical blocks described by T(O, /3):

TN = T(O, 3)N = T(NO,/3). (3.19)

Because the reflection from the structure described by the transfer matrix T given in the basis of
incoming and outgoing waves is r = -T 21 /T 22, then for a structure containing N blocks we have

i sinh (3
cot NO + i cosh/3" (3.20)

The reflection coefficient written in terms of the parameters 0 and )3 does not depend upon the
specific form of the transfer matrix and therefore Eq. (3.20) can be applied to a variety of different
structures. In the case of F0 = 0, Eq. (3.20) can be easily shown to reproduce the result well-known
for a passive multilayer structure [43, 45, 72].

To find a relation between the quantities entering this expression and the elements of the
transfer matrix through the period of the structure it is convenient to multiply both the numerator
and the denominator by sin 0 and to use Eq. (3.15). If each block is characterized by an effective
susceptibility S and the phase 0 = Ob + w, then we obtain for the reflection coefficient an exact
expression

cot(NO) sin 0 + i(S cos - sin 0) (3.21)

Below we analyze the reflection coefficient for Bragg and slightly off-Bragg structures. For
frequencies close to w0 we can use 0 = 7r + iA, where A is a complex number with a small modulus.
Moreover, in most applications of MQW structures it is naturally to assume that structures are
not too long, that is N < Nc = (Re.\)-'. In this approximation, coth(NA)sinhA P N and the
reflection can be written directly in terms of the material parameters

iNS
rg = •~ (3.22)

1 + iN(S coso - sin ()

The amplitude of reflection, Inr2, has the typical form shown in Fig. 3.3. It is characterized by a
strong reflection band around the exciton frequency, which is a manifestation of the strong resonant
exciton-light interaction. The reflection has an asymmetric form since it is a sum of two terms: one
of them is even with respect to the frequency w0 and the second is odd. The latter is due to nonzero
mismatch and in the approximation used above does not vanish at infinity. Both these terms have
a typical width

NFo0(1 - p)2 cos (3.23)
(1 - p2)2 + N 2(sin0+ - p 2 sin0_)2'

where 0± = Ob±qW. It should be noted that the actual optical width of the quantum well determined
by 0,, enters the definition of 0±, rather than the modified k. We are interested in maximizing
exciton related effects in the reflection spectra of our structures, which means designing structures
with as large a width 3 as possible.

One can see from Eq. (3.23) that the width demonstrates essentially non-monotonous de-
pendence upon the number of quantum wells in the structure: it grows linearly for small N, but
starts decreasing as N 2 for larger N. If the coefficient in front of the N 2-term in the denominator of
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Figure 3.3: Dependence of the amplitude reflection coefficient IrNl2 upon the frequency. The main
plot shows the reflection of structure satisfying the modified Bragg condition with p = 0.005, the
radiative decay rate F0 = 67 peV, the exciton frequency w0 = 1.491 eV, the homogeneous broadening
- = 500 peV and the length N = 10, 25, 100 (dot, dash, solid lines, respectively). On the inset
reflection spectra of structures which satisfy the standard Bragg condition are shown. To make the
correspondence with the experimental results clearer we chose p = -0.005.

Eq. (3.23) vanishes, then the linear growth of 6 would go unchecked as long as N does not exceed N,.
Thus, the condition for maximizing the excitonic effects in the reflection spectrum can be formulated
as

p = sin 0+ (wo)/sin 0- (wo). (3.24)

If one neglects the mismatch of the indices of refraction, this equation takes a well known form of
a condition for the Bragg resonance between the period of the structure and the exciton radiation
[49]. One can consider Eq. (3.24) as an equation for the period of the structure, d, for a given p.
Then for the case of small p it gives approximately the same results as that obtained from

p = cos(o+/2)/cos(¢_/2), (3.25)

which coincides with a modified Bragg condition introduced in previous Chapter (see also Ref. [33]).
This condition actually requires that the exciton frequency is equal to the low frequency boundary of
the passive (without excitons) photonic crystals' stop band. This consideration shows that the most
prominent effect of the light-exciton interaction on the optical properties of long MQW structures
with a mismatch of the indices of refraction occurs when the modified Bragg condition is met.

To establish the relation between the modified Bragg condition and the reflection spectrum
of the structure, it is convenient to obtain the dispersion equation from the transfer matrix written
in terms of S and ¢,, Eq. (3.9). Using the relation cosKd = TrT/2, where K is the Bloch wave-
number, d is the period of the structure, one obtains the dispersion equation in the standard form

cos Kd = cos 0 + Ssino, (3.26)
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Figure 3.4: The change of the reflection spectrum with the angle of incidence. The parameters of
the structure are the same as those used in Fig. 3.3 except: 7 = 25 yeV, p = 0.01. The dotted line
shows the reflection at normal incidence. The solid and dashed lines show the reflection at Ob = ir/18
of s- and p-polarized waves, respectively. The main plot corresponds to the structure that is tuned
to the Bragg resonance at normal incidence. The inset shows the reflection of a structure which is
tuned to the Bragg resonance at 0b = 7r/18.

where the change of the phase on the period of the structure, ¢, is determined by the modified
optical width of the quantum well, i.e. € = Cb + k5,. The Bragg resonance condition is written
in a usual form ¢(wo) = 7r as has been shown in previous Chapter coincides with the modified
Bragg condition. Thus, for Bragg MQWs the expression for the reflection coefficient, Eq. (3.21), is
essentially simplified and can be approximated as

iNS
rN = •. (3.27)

1 + iNS

This expression gives a generalization of a well known result about the linear dependence of the
width of the exciton-polariton reflection band on the number of quantum wells in Bragg MQW
structures [73].

When the system is detuned from the Bragg resonance, the transparency window appears in
the band gap. It shows up in the form of a dip near the exciton frequency in the reflection spectrum
(see inset in Fig. 3.3). For example, in Ref. [57] the reflection was measured for MQW structures
that satisfied the Bragg condition for structures without the mismatch. In other words, the period of
those structures was made to coincide with the half-wavelength at the exciton frequency calculated
without taking into account photonic crystal modification of light dispersion. These effects, however,
significantly modify the wavelength of light resulting in a detuning of the structures studied in
Ref. [57] from actual Bragg resonance. As a result, spectra observed in that paper demonstrate
features specific for slightly off-resonance structures [see Fig. (3.3)].

The general results presented in this section allow one to analyze qualitatively modifications
in spectra of MQW structures caused by changes of the angle of incidence or polarization state of
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the wave. Indeed, using Eq. (3.11) we can write an expression for the renormalized phase, 0, in the
form

¢•_w~ndbcos ~clos
bdbCOSOb + nwdw _ cs COS (3.28)

This expression shows that the dependence of the Bragg condition on the angle of incidence differs
significantly from the intuitive assumption that it can be accounted for by a simple replacement
of the wave number k with k cos 0, which was suggested in some earlier works [56, 57]. While the
latter assumption is true in the optical lattice approximation, the presence of the refractive index
contrast makes this dependence more complicated. Eq. (3.28) also describes dependence of the Bragg
condition on polarization.

Fig. 3.4 demonstrates changes in the reflection spectrum for the structure tuned to the
Bragg resonance for the normal incidence with the change of the angle. First, the spectrum for
the oblique incidence looks as a typical spectrum for slightly off-Bragg structures. On the other
hand, if a structure has a period, which is bigger than what is required by the Bragg condition for
normal incidence, i.e. O(wo, 0 = 0) > 7r, it can be tuned to the resonance by increasing the angle
of incidence (see inset in Fig. 3.4). An interesting result apparent from these figures is that tuning
the structure to the Bragg resonance by changing the angle preserves to a great extent the shape of
the spectrum. This fact opens a possibility for shifting the position of the reflection band of these
structures by changing the exciton frequency with the help of, for instance, quantum confined Stark
effect [63-65] with consecutive tuning of the structure back to the Bragg resonance by adjusting
the angle of incidence. Estimates show that for the available Stark shifts of the exciton frequencies
required changes in the angle do not exceed 10 - 150, which is similar to the angles used in Fig. 3.4.

The difference between reflection spectra of waves with s- and p-polarizations remains
rather insignificant for angles used in Fig. 3.4. In order to observe it one has to consider much
larger angles. Fig. 3.5 shows the reflection spectra of a structure which is tuned to the Bragg
resonance at the angle 0

b = 7r/4. The difference between the two polarizations occurs due to two
circumstances. First is the different renormalization of the optical width of the quantum wells for
different polarizations [Eq. (3.11)]. As a result, the angle at which the structure is tuned to the Bragg
resonance depends on the polarization. In Fig. 3.5 the Bragg condition is met for s-polarization.
Therefore, one has a typical Bragg profile for the reflection spectrum of the s-polarized wave and
off-Bragg profile for the p-polarized wave. The second circumstance is the difference between the
effective radiative decay rates [see Eq. (3.13)] for different polarizations. Therefore, the exciton
related feature on the reflection spectrum of the p-polarized wave is weaker compared to the s-
polarization.

It should be noted, however, that such big angles of propagation inside the barriers are
not accessible for a usual experimental setup when the wave is emitted and detected outside the
structure. The reason is a high contrast of the indices of refraction of the vacuum and the barriers.
However, such angles become relevant when the problem of luminescence is considered.

Another prominent effects caused by the refractive index mismatch consists in vanishing of
the reflection coefficient rN I2 at w = wo - [see Eq. (3.12)] where S = 0. This is the consequence
of an interference of two channels of scattering of light - by the excitons and by the barrier-well
interfaces. For Bragg MQW structures, rN can be written in a form that explicitly expresses the
Fano-like profile of the reflection

(0) Wo - O + Wmin
rN = r(0)' (3.29)

W - WO + mirnin

where
r(0) - ilrNApcN Wr + iNirApc (3.30)
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Figure 3.5: The reflection spectrum of s- and p-polarized waves (solid and dashed lines, respectively)
of a structure which is tuned to the Bragg resonance at 0

b = 7r/4. The Bragg condition is met for
s-polarized wave.

is the reflection in a vicinity of the photonic band gap of a passive, r 0 = 0, N-layer structure
which is not too long compared to the penetration length. When the mismatch of the indices of
refraction vanishes, Wjmin turns to infinity and the reflection restores the Wigner-like form with the
width oc NI. This is similar to what one has in the standard Fano resonance case when the Fano
parameter tends to infinity [11]. In the other limiting case, 10 = 0, the reflection turns to what one
has for a purely passive multilayer structure.

Due to discussed above relation between different contributions to the scattering of light
in regular MQW structures, this resonant drop of reflection occurs at the tail of the excitonic
susceptibility where the general smallness of the reflectivity masks this effect. In Section 3.4 we
consider a situation where the vanishing of the reflectivity has a much more profound effect on the
spectrum.

3.3 Effect of broadenings

So far we have considered ideal systems. In this subsection we discuss the effect of broad-
enings on the results obtained. There are different sources of broadening of the exciton line. First of
all this is the exciton life-time which is finite due to processes of electron-phonon scattering. Such
kind of broadening is called homogeneous and is taken into account phenomenologically by adding
an imaginary part to the exciton frequency: wo --+ wo - iy.

The second source of the broadening is scattering on interface and bulk inhomogeneities and
imperfections. It is necessary to make a distinction between contributions to these processes from
inhomogeneities of different spatial scales. There are long-scaled inhomogeneities with the correlation
length of the order of magnitude of the distance between the quantum wells and comparable to
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wavelength of light in a typical experimental situation. For this scale each quantum well is ideal
but different wells have different characteristics: the width, the exciton frequency, the oscillator
strength and so on. Inhomogeneities of such scale are called the vertical disorder. The description
of structures with the vertical disorder in terms of transfer matrices is straightforward and they are
intensively studied in the context of random Kronig-Penny model and Anderson localization of light.

There are, also, inhomogeneities of the scale of the exciton Bohr radius. Such inhomo-
geneities are non-controllable and caused by, for example, a roughness of the quantum well - barrier
interface [74-79]. While in average the quantum wells have the same widths such fluctuations lead
to a variety of physical effects. For example, the speckle structure of the scattered electromagnetic
waves [80, 81], enhanced resonant backscattering [82, 83], inhomogeneous broadening of exciton lines
[38, 84-86] to name only a few. These phenomena can be classified making use a simple phenom-
enological model. The basic assumption of the model is that the effect of the inhomogeneities on the
exciton dynamics can be described by introducing a local exciton frequency w(p) considered being
a random function of the in-plane coordinate p. Thus, the frequency dependence of P,, is given by

X(p,w) = p -a (3.31)

We consider, for simplicity, a perpendicular incidence of the electromagnetic wave with wavelength
much longer than the width of QW so we can use the 6-functional approximation for the exciton
envelope wave function D(z) and neglect the mismatch of the indices of refraction of the barrier and
the quantum well materials. These approximations are sufficient for our particular goals here, but
the results obtained will remain valid for more rigorous treatment of the excitonic wave functions as
well, within the usual approximation of neglecting the radiative shift of the exciton frequency that
vanishes identically in the 6-functional approximation.

After substitution of Pe,, into Maxwell equations (2.1) and the Fourier transformation with
respect to the in-plane coordinates these equations take the form

(r2 + = E =(2w2(,(z) J d2qx(q - q',w)E(q', z), (3.32)

where r.2 = k2 - q2 and k = wVf7-•/c.
One can represent X(p, w) as a sum of its average value and a fluctuating part

x(q, w) = (X(w))J(q) + ý(q, w), (3.33)

where, assuming the independence of the distribution function of the exciton frequencies, f(wo),
upon the in-plane coordinate, (X(w)) can be written in the form

dwof(wo) a (3.34)Ix•) = Wf(°O - W - %'"

The structure of the Maxwell equation dictates that the reflection and transmission coefficients have
a 6-functional singularity in the specular direction [87], q = 0. Thus the wave at the left-hand side
of the quantum well, E_, and at the right-hand side, E+, can be presented in the following form

E_(q, z) = (Eoeikz + Eoroei-kz) 6(q) + Eor(q)e-iKqZ,

E+(p, z) = EotoeikZ6(q) + Eot(q)eiIqz. (3.35)

After the substitution of Eqs. (3.34), and (3.35) into Eq. (3.32) we obtain an integral
equation for the reflection and transmission coefficients, r(q), and t(q). Assuming that the random
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process representing the fluctuating part of X does not include constant or almost periodic realiza-
tions, we can conclude that j(q,w), does not have 6-like singularities in almost all realizations. In
this case, the terms proportional to 6(q) in this equation must cancel each other independently of
other terms. This leads to splitting of the initial system of equation to

To = -iS to,

r(q) (1 + =k S i [t(q)to) - J dq'S(q - q')r(q')] (3.36)
K~q ] Kq

with the relation between the reflection and transmission coefficients following from the boundary
conditions

ro + 1 = to, r(q) = t(q). (3.37)

Here we have introduced the effective excitonic susceptibilities, S = -(x)/k and S =- k.
Eqs. (3.36) and (3.37) can be resolved with respect to ro and to yielding

r0  to- 1 (3.38)

Comparison of these results with those obtained for the case of ideal QW [Eq. (3.5) shows that
r0 and to can be obtained from the Maxwell equations (2.1) and, hence, from standard transfer
matrix approach, with the susceptibility X averaged over the distribution of the exciton frequency
f (wo). Such a representation constitutes the effective medium approximation and is widely used for
the description of the inhomogeneous broadening with the parameter of latter proportional to the
variance a of the distribution (see e.g. Refs. [38, 74, 85, 86]).

This consideration shows that the horizontal disorder leads to appearance of two compo-
nents in the spectrum of the scattered electromagnetic waves: deterministic (singular), described by
ro and to, and random (r(q) and t(q)). An investigation of these components implies addressing to
different classes of physical phenomena. The deterministic contribution is most prominent and can
be considered as the main contribution to the scattering, while the random component is, generally
speaking, small and is responsible for the fine structure of the spectrum (speckles, splitting of the
exciton peaks and others).

Staying in the frameworks of present Chapter we restrict ourselves to consideration of the
specular component of the scattered light. First of all it should be noted that the inhomogeneous
broadening affects optical properties at frequencies that are not too far away from the exciton
frequency. Indeed, the broadening enters into expressions for the reflection through the susceptibility
S defined by Eq. (3.34). The definition of inhomogeneously broadened susceptibility can be rewritten
in the form

where we have introduced F = Po/, j '/&, v = (wo - &)/&, and & is the mean value of the
exciton frequency. If the function f(v) falls off with increasing v fast enough we can approximate
the integral for the frequencies 1w - 6I/1u, 1w - Cl/'y >» 1, as

S •S: dvf(v) 1(i (w+ -V/±i•t± ) (3.40)

where
o -i(3.41)

Co- + i'-y
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Figure 3.6: The dependence of the reflection of a long Bragg structure, N = 100, on frequency. The
solid line shows the situation when the inhomogeneous broadening is predominant, -Y = 50 /PeV,
a = 1000 /eV. The dash line shows the reflection for an opposite relation, -Y = 1000 peV, a = 50
jteV. It is seen that homogeneous and inhomogeneous broadenings are not interchangeable.

is the susceptibility in the absence of the inhomogeneous broadening. Noting that now integration
of each term in the parentheses gives an appropriate central moment of v we obtain

S 1W + _1-- + (3.42)

Therefore, the corrections due to the inhomogeneous broadening become small for frequencies, which
are farther away from the central frequency than the inhomogeneous width a. Significant inhibition
of the effects due to disorder in optical spectra of periodic MQW for frequencies away from the
resonance exciton frequency was obtained theoretically in Ref. [85] and observed experimentally in
Ref. [88].

In an immediate vicinity of the exciton frequency the effect of the inhomogeneous broaden-
ing is, on the contrary, very important. An exact expression of the effect depends upon details of the
distribution function of the exciton frequency. To illustrate the main point we model the function
by the Gaussian distribution

00 e-(wO°1)2/a2
S -- " dw0 e - 0+i7"(3.43)

-- O0

Using the function w(p) = e- _erfc(-ip), this expression can be written as S = Fow(AL)J/F/io,
where IL = (w - 7 + i-y)/a. The small M expansion [89] w(p) • 1 + 2im/V, 7r allows us to obtain:

S= 7r/23.44)w- + W''(.4
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where • is the effective broadening,
/Y (3.45)

One can see that in this case the inhomogeneous and homogeneous broadening combine to form
a single broadening parameter ', as it is assumed in the linear dispersion theory. However, more
detailed analysis shows that, because of fast decay of contribution to the susceptibility, the inhomo-
geneous broadening results in a peculiarity on reflection that is absolutely opposite to that caused
by homogeneous broadening. To illustrate this we consider a Bragg MQW structure in the vicinity
of the center of the forbidden gap where

0(N2  
(3.46)

r (W - w)2 + [FoN + '(w)]2

where we have switched back to the notation w0 for the (mean) exciton frequency and neglected the
change of the renormalization of the radiative decay rate since its changes slowly with frequency in
comparison with '(w). The positions of the extremis of the reflection are determined by the solution
of the equation

w - w + [oN + w 0. (3.47)

For symmetric distribution functions f(v) the effective broadening ý achieves its maximum at w =
w0. Thus, one extremum is situated at w0 . Additionally there might be two more extremis (which
obviously would be maxima) that are solutions of the equations

1w -w0, = [-y(w) + roN] dw , (3.48)

where it is taken into account that d,/dw changes its sign at wo.
The solutions of these equations can be quite complicated depending upon the distribution

function. As an extreme case it is enough to note that there are no reasons to prohibit as complex
-(w) as possible (e.g. non-monotonous). However, we exclude such exotic cases from the consid-
eration. Then, due to the fast fall of 1d?/dwl, the condition of existence of solutions of Eq. (3.48)
is

(.' + FoN)ld 2 //dw 2
1 > 1. (3.49)

From this expression follows that almost independently on details of the distribution function for
long enough structures this condition is satisfied and two additional maxima on the reflection appear.

Thus, the effects of homogeneous and inhomogeneous broadenings on reflection spectra
are principally different: the former leads to an appearance of a sudden grow of the reflection in
the vicinity of the exciton frequency, while the second, on the contrary, results in a dip. These
distinctions are illustrated in Fig. 3.6.

3.4 MQW structures with defect

The results obtained in the previous sections are quite general and can be applied directly
to more complicated situations. As an example, in this section we consider a reflection spectrum
of a system in which one of the barrier-well-barrier elements has properties different from those of
all other elements of the structure. These structures can be described as MQW structures with a
"defect." In infinite systems such a defect results in appearance of a new, local state, which arises in
a band-gap of the host structure. Then the transmission of light through finite but sufficiently long
structures can be conveniently described in terms of resonant tunneling via such a state. This effect
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Figure 3.7: A multiple quantum well structure with a defect layer.

was studied in regular passive one-dimensional photonic crystals [90-94], and in Bragg MQWs in
the optical lattice approximation [95, 96]. In shorter systems, however, which are the main object
of study in this paper, the concept of the resonant tunneling via a local state becomes ill-defined,
and therefore, we will interpret results of our calculations without resorting to this concept.

We will consider a structure, in which the defect is placed in its center (see Fig. 3.7): such
an arrangement is known to result in strongest modifications of the optical spectra [96]. In this case,
the system demonstrates the mirror symmetry and the results of the previous sections can be used.
Indeed, for a structure ABA built of blocks A and B described by the transfer matrices (3.14) with
parameters OA,B and 1

3
A,B, one has

T(OA, fA)T(OB, 3B)T(OA, 13A) = T(O, f). (3.50)

That is, the whole structure can also be described by the matrix (3.14) with

cos 0 = cos W+ cosh 2 j,3 - cos ýo_ sinh 2 6f3,

coth 5 + sin ýp_ (3.51)
coth(3 - A) = COS(2 0 A)coth +sin 0

N sinh(25f3)'

where ýp± = 
2 0 A ± OB and 6f = (03B - OA)/2. Applying now relations (3.15) one can express the

result in terms of parameters S and €, and use the results for reflection described above.
In some particular cases, however, the problem of scattering of light can be solved without

resorting to the transformation rule (3.51). Let us consider a situation when the block B is a single
quantum well surrounded by barriers so it can be described by the matrix similar to that given by
Eq. (3.9) with parameters Sd and Od. Let the block A be an MQW structure described by 0 and 3.
Thus, the transfer matrix through the whole structure is

T = T(O, ,3)Tp(p)T(Sd, ¢)TP-1 (p)T(O, 0), (3.52)

where Tp(p) takes into account a possible mismatch of the indices of refraction of the defect layer
and the host and, p is the corresponding Fresnel coefficient.

The transfer matrix (3.52) can be simplified in several steps. First, as has been described
before, we can treat )3 as an addition to the mismatch noting that

TH1 (13/2)Tp(p) = Tp(fi), (3.53)

where fi = (p + p')/(1 + pp') and p' = tanh(0/2). Then, similar to Eq. (3.9) we can introduce
effective quantities S and ¢

•=Sdl--+2 -2/cos+ 2- sine 1 -(e-.4
1 - 52 -2- ei
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The next step is a multiplication of T(S, ý) by the diagonal matrices T(0, 0) what leads to a simple
shift of the phase, T(S, ¢ + 29). Finally, the terminating matrices, TH (fl/2) and Tj 1 (8/2), are taken
into account by modifying S and 4. Thus the resultant transfer matrix T takes the form (3.9), i.e.

T = T(S, 4) with

+ P1±p2 + 2p'cos( + 20) ,sin( 20)
-. P52 

5)
ei( _2 0 ) - 1 + pe--

1 + p'ei¢+
2 i

8

These expressions together with Eq. (3.20) give a complete solution of the problem of propagation
of light through the MQW structure with an arbitrary defect in the middle.

One can consider several particular types of defects. An example is a well with the exciton
frequency different from the frequencies of all other wells, an f2-defect. Another possible example
could be a defect element with the width of the barriers different from the rest of the structure.
It is interesting to note that a standard optical microcavity with a quantum well at its center can
also be considered within the same formalism. For example, after substitution of S from (3.54) into
Eq. (3.55) one obtains an expression that contains a singular term (proportional to Sd) and regular
terms. Choosing such widths of the barriers surrounding the quantum well so that the regular terms
vanish in the vicinity of the exciton frequency one has the reflection determined by the exciton
susceptibility with renormalized oscillator strength. The excitonic contribution to the scattering in
such a structure will not be obscured by the interface scattering.

We demonstrate the application of the results obtained above by a detailed consideration
of f-defect. Different aspects of the optical properties of structures with this type of defect were
analyzed in Refs. [96-100] in the scalar model for the electromagnetic wave in MQW structures
without a mismatch of the indices of refraction. It has been shown there that in the presence
of homogeneous and inhomogeneous broadening of excitons, the effect of the defect is prominent
when the frequency of the exciton resonance in the defect layer, Wd, is close to the boundary of
the forbidden gap in the host system, and the length of the system is not too big. The reflection
spectrum in this case has the characteristic Fano-like dependence with a minimum followed by a
closely located maximum. Such a spectrum makes this structure a potential candidate for novel
types of devices such as optical switches or modulators [99, 100]. It is interesting, therefore, to find
out how broadenings and the mismatch of the refractive index affect spectral properties of such a
structure.

For the frequencies within the polariton stop-band of the host structure one has 0 = M(ir +
iA), where M is the number of quantum wells in the parts of the structures surrounding the defect.
The relation between the length of the system 2Md and the penetration length (Re A)-' determines
how deep the defect layer is situated in the structure. Two limiting cases naturally appear. The
first limit corresponds to the situation when the penetration length of the electromagnetic wave
at the frequency of the defect is much smaller than the length of the structure (we call it a deep
defect), and the second is realized in the opposite case, when the system is much shorter than the
penetration length (shallow defect).

3.4.1 Deep defect

First we consider the situation when (ReA)- 1 <K 2Md for the example of a structure
without the mismatch of the indices of refraction. Such situation was analyzed in Ref. [96] for the
case of a lossless system. To determine the range of validity of these results in the case of broadened
systems we represent the broadening as a sum of the homogeneous and inhomogeneous ones as in
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linear dispersion theory. The estimation of the effect of the broadenings on the reflection spectrum
shows that when

A3

Wy A - A.2  (3.56)

where A, = (Wd - Wh) is the difference between the defect and the host exciton frequencies (we
assume for concreteness that Wh > Wd), the effect of the broadenings can be neglected, and the
results of Ref. [96] are valid. This inequality, however, becomes broken for long systems, and the
broadenings must be taken into account. In this case the exponentially small non-resonant terms in
Eq. (3.55) can be neglected and the reflection in the vicinity of Wd can be presented in the form

Qd - roDd
r iid + rTDd - 2ie- 2

MAA 2 W2
, (3.57)

w h

where Dd,h = 1/Sd,h, Sh is the exciton susceptibility of the host layers and

1

= 1 + Dh [7r(w - Wh)/Wh + iA (1 + 2e- 4 M))] (3.58)

is the approximation for the reflection coefficient of the structure without the defect for frequencies
deeply inside the forbidden gap. We keep the term exp(-4MA) in this expression in order to preserve
the correct dependence of the reflection coefficient of the pure structure on its length. The frequency
92d,

Qd= 7rT 0 A (3.59)WhA

describes the shift of the position of the reflection resonance from the initial defect frequency Wd.
This shift is an important property of our structure, which takes place in both ideal and broadened
systems. Deriving Eq. (3.57) we dropped the frequency dependence of the non-resonant terms.

Eq. (3.57) shows that when the defect well exciton frequency lies deeply inside the forbidden
gap the effect of the defect on the reflection spectrum of the system exponentially decreases when
the length of the MQW structure increases. This behavior is strikingly different from that of the
respective ideal systems, where resonant tunneling results in the transmission equal to unity at the
resonance regardless of the length of the system. One can see that homogeneous broadening severely
suppresses this effect, as was anticipated in Ref. [96].

If the shift, Qd, of the resonance frequency away from Wd is large enough, so that w, is well
separated from Wd, the effects of the inhomogeneous broadening can be neglected. In this case, we
can derive a simple approximate expression for the reflection coefficient in the vicinity of wr. The
condition f

2
d > A can, in principle, be fulfilled because A(Wd) decreases when the frequency goes to

the edge of the stop band where A is determined by

-YAr
A•(Wh + Ar) = (1 + i)ir -h-. (3.60)

For GaAs/AlGaAs MQW structures with Wh = 1.49eV, T0 = 67peV, y = 12.6 yeV and A =

290yeV we obtain Re[Qd(Wh + Ar)]/u z 6.3.
In this case, in the vicinity of the resonance frequency we can approximate the susceptibility

Sd by
To

Sd -- (3.61)W - Wd + i-/

and obtain that the resonance has a form of the Lorentz-type dip on the dependence of the reflection
spectrum positioned at w = Wd - Qd with the depth, H, and the width, W, determined by the
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expressions - 2MX/A2 -M

-- Iro02  1 +•Whe / W + e A Wh (3.62)
H (1 + yw he2M )\/2A2)

2 '

It should be noted, however, that while formally this approximation is valid even when Wd is close
to the edge of the forbidden gap, the deep defect approximation requires that 2MA >» 1. For
GaAs/AlGaAs structures this means that N > (Re A)-' - 2000. The structures of this length are
far beyond current technological capabilities, so this case presents mostly theoretical interest.

In the opposite situation, when the frequency shift is small (fld < a), i.e. when Wd is not
too close to the edge of the gap, the inhomogeneous broadening becomes important. In order to
estimate its contribution we use the approximation for Sd given by Eq. (3.44), i.e.

2
Dd = (w - Wd +i). (3.63)

One can see that in this case the inhomogeneous and homogeneous broadening combine to
form a single broadening parameter ', as it is assumed in the linear dispersion theory. The resonance
on the reflection curve also has, in this case, a Lorentz-type dip centered at

,rFoA•
W = Wh+ ÷ 2, (3.64)

2 A- Aý

with the depth and the width, respectively, equal to

2e 
2

MA A,2 _e-
2

MAA
2

H = r0l WO , W + W + (3.65)
Wh/ W)h

Because of the contribution of the inhomogeneous broadening, the effective parameter ý becomes
so large that xe 2MAA2 <« ý, and the defect-induced reflection resonance becomes rather weak
compared to the case considered previously.

3.4.2 Shallow defect

From the experimental point of view, a more attractive situation arises when the length of
the structure is smaller than the penetration length. The description becomes much simpler if we
assume that the width of the defect layer is tuned to the Bragg resonance at the frequency wd, that
is if O(wd) = 7r. That makes the second term in the expression for S, Eq. (3.54), negligible in a wide

region of frequencies and the expression for S takes a very simple form

S SdLp + 2MSh. (3.66)

In derivation of this expression we have neglected the small term cc SdSh. The reflection coefficient
can be obtained by substituting this expression into Eq. (3.27) with N = 1. The reflection has
peculiarities near the exciton frequencies of the host and the defect, and in the absence of broadening

becomes 0 at the frequency where S = 0. Generally, this equation is suitable for finding the resonance
frequency for any value of the photonic band gap, ApC, not much bigger than the excitonic forbidden
gap, Ar. Here, however, we only consider the perturbation of the spectrum analyzed in Ref. [99]
due to small contrast in the refractive indexes. Therefore we assume here that Apc < Ar. In this
approximation the resonant frequency is WR = Wd - Q,, where

A_ .•M
2
A2Apc

S2M + 1 +•2 (2M + 1)3. (3.67)



57

10

1.0 T,- 1°°

0
4-1 0.8 10.-

-2

•r 0.46- 10"3

S0.2 10-4A0
0.44

0.2- 10

10-
-0.02 -0.01 0.00 0.01

((0- *)/O)d 10

Figure 3.8: The reflection (dotted line, right scale), transmission and absorbtion (solid and dashed
lines respectively, left scale) are shown in a vicinity of wR for a Bragg 5 - 1 - 5 structure. The
parameters of the quantum wells are the same as those used in Fig. 3.3 except: -Y = 25 jteV,
Wh = 1.491 eV, wd = 1.495 eV. To emphasize the resonant character of the change of the reflection
it is plotted in the log-scale. It should be noted that due to large (in comparison with -y) separation
between WR and Wd the drop of the reflection is not accompanied with a resonant absorbtion.

Setting the mismatch of the indices of refraction in this expression to zero we reproduce
the expression for WR obtained in Ref. [99]. The fact that the contrast does not preclude the
reflection coefficient from going to zero at a certain point is not at all obvious because it might
have been expected that the interface reflection would set a limit on the decrease of the reflection.
However, as seen from Eq. (3.67), the mismatch leads only to an additional shift of the zero point
away from the defect exciton frequency. We would also like to comment on the dependence of the
resonance frequency on the angle of incidence and the polarization of the electromagnetic wave.
These characteristics enter Eq. (3.67) through the Fresnel coefficients, Eq. (3.4), that determine the
photonic band gap, Apc oc p/(1 - p2 ). Therefore angular and polarization dependencies of the zero
point of reflection follow the behavior of Apc.

There is a certain analogy between this effect of the resonant drop of reflection and turning
the reflection to zero considered in Section 3.1. In the case of a defect MQW structure, the Fano-like
profile of the reflection, in a narrow vicinity of Wd, can be understood as an interference of the
scattering of light by the host structure and by the defect. Comparing Eq. (3.66) with Eq. (3.10)
one can see that the second term in Eq. (3.66) plays the role of a background on which the exciton
susceptibility of the defect quantum well appears. This is exactly the role played by the second term

in Eq. (3.10). Expanding S near WR the reflection can be represented in a form similar to Eq. (3.29).
There is an essential quantitative difference between these two cases, however. In a defect MQW
structure the drop of the reflection occurs not far away from the exciton frequency, therefore this
effect becomes more noticeable. A typical form of the reflection, transmission and absorbtion near
WR is shown in Fig. 3.8.

It should be noted, that if a regular term in the effective susceptibility of the defect layer
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is taken into account, then Eq. (3.66) for S becomes valid not only in an immediate vicinity of WR
but in a much wider region, including for example Wh. In this region, the reflection can be seen to
resemble the Fano profile in the case of two metastable states interacting with continuum [101]. As
a result, the reflection has two resonances - near Wh and Wd. The first resonance is 2N times wider
than the second one.

If broadenings are taken into account the reflection do not vanish but rather reaches a
minimum at a frequency w- and maximum at w+.

For sufficiently short systems, Q, can become larger than A. For example, in a struc-
ture with parameters typical for GaAs/AlGaAs multilayers, the condition , >» a is fulfilled when
M ;$ M0 = 5. In this case, an approximate analytical description of the spectrum is possible. How-
ever, since the maximum and the minimum of the spectra lie at significantly different distances from
Wd, the description of these two spectral regions would require different approximations. The max-
imum of the reflectivity takes place close to the defect frequency, and therefore the inhomogeneous
broadening near the maximum has to be taken into account. At the same time, W- - Wd >» o, and
the inhomogeneous broadening in this frequency region can be neglected. Thus, we can approximate
Dd using Eq. (3.61) in the vicinity of w- and using Eq. (3.63) near w+. Using these approximations
we find that the minimum and the maximum of the reflection coefficient are at the frequencies

.)2
W -Wd s (3.68)

and

+ = Wd+ - Q s) + +( ) (3.69)

respectively, where f2S = + 4•z and ' is the effective broadening defined by Eq. (3.45). The
values of the reflection at these points are

t•'12-2(2M)4 JP12(f2s + p,2 3.0
Rmin IP': (2M ___________(3.70)_A4 2M 2  

, Rma) (+I 2(2r0 + 7rý)2
W(W+ - Wh) 2 2 0 ±~~2 (.0

The exact and approximate forms of the reflectivity are compared in Fig. 3.9. One can see
that these approximations give a satisfactory description of the reflectivity in the vicinities of the
extrema for short systems.

The minimal value of the reflection is determined only by the small parameter of the
homogeneous broadening, -y, and can therefore become very small. This fact reflects the suppression
of the inhomogeneous broadening in this situation. When the length of the system increases, Rmin
grows as 16M 4 , however, when M > M 0, the inhomogeneous broadening starts coming into play:
-y must be replaced with a larger effective broadening containing a contribution from a. This also
leads to a significant increase in Rmin. This behavior is illustrated in Fig. 3.10, where a comparison
of the reflection coefficients for two MQW structures with different lengths is provided.

Thus, the highest values of the contrast, defined as the ratio of the maximum and minimum
reflections 71 = RmaxI/Rmin

7 'Z; (3.71)( 2 ,-7

are obtained when the number of periods in the structure is small. For low temperature values of
-y the contrast can be as large as 10'. However, these large values of the contrast are accompanied
by rather small values of Rmax. For possible applications it would be useful to have the large
contrast, and the large maximum reflection. The latter can be improved by considering structures
with multiple defect wells composed of several blocks ABA considered above. This leads, of course,
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Figure 3.9: Reflection coefficient near the exciton frequency of the shallow defect (solid line) for
M = 3. The dashed lines depict approximation using different expressions for the defect quantum
well susceptibility at the vicinities of the extrema: near the minimum the inhomogeneous broad-
ening is neglected, while in the vicinity of the maximum it is accounted for as a renormalization
of homogeneous broadening [Eq. (3.45)]. For reference, the reflection coefficient of a pure MQW
structure without a defect is shown (dotted line).

to the increase in the total number of wells, but as we show, one can achieve a significant increase
in R,,a, for quite reasonable total length of the structure without compromising the contrast too
much. The reflection of such structures can be qualitatively described by Eq. (3.27) where N is
understood as the number of such blocks. This expression shows that increasing N can be interpreted
as increasing an effective radiative decay rate. This qualitatively explains the results of numerical
calculations shown in Fig. 3.11. The structures were constructed of several blocks, each of which
is a 9-period long BMQW with a single defect well in the middle. One can see that, indeed, the
spectrum of such multi-defect structures exhibits large R,,,,, (up to 0.8 for structures no longer than
80 periods), while preserving high values of the contrast (of the order of 104).

3.4.3 Tunability of the reflection spectrum

Applications of MQW structures with a defect for switching or modulating devices is based
upon a possibility to change the value of the reflection coefficient at a working frequency w. by
switching between u). = Wmax and ww, = Wmin using for instance the quantum confined Stark effect
in order to change the value Of Wd. The structures under consideration, however, allow also for
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Figure 3.10: Dependence of the reflection coefficient on the frequency in the neighborhood of the
exciton frequency of the defect well for different lengths of the MQW structure (solid line M = 1,
dashed line N = 2). The great difference of minimal reflections results from the shift of the resonance
frequency Q,, Eq. (3.67).

tuning of the working frequency of the device by shifting the entire spectrum of the structure using
the Stark effect in host wells. There are several differen ways to implement this idea, but here
we only want to demonstrate its principal feasibility. The main possible difficulty results from the
fact that shifting Wh will detune the whole system from the Bragg resonance and, may destroy the
nice spectral features discussed above. In order to see how the detuning affects the spectrum, we
assume that for simplicity that Wh and Wd change uniformly, and study the reflection spectrum of
an off-Bragg structure.

As has been shown in Chapter 2 and Section 3.2 (see also Ref. [55]) a small detuning from
the Bragg resonance results in opening up a propagating band at the center of the forbidden gap
significantly complicating the spectrum. It turns out, however, that as long as Wmin and Wmax are
well separated from Wh, the detuning does not affect the part of the spectrum associated with the
defect. Indeed, we show that the reflection spectrum of an off-Bragg structure is described by the
same expressions as in the case of the Bragg structure. The only modification is the change of the
definition of I', which becomes now

ro(2M + 1) (3.72)
1 - i(2M + 1) sinir(w - WB)/WB(
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Figure 3.11: Dependencies of the maximal reflection (filled circles, left scale) and the contrast (empty
squares, right scale) upon the number of the defects in BMQW structures.

Thus, for such shifts of the exciton frequencies, w,, that satisfy the condition

2Msin (rW ) <«1 (3.73)\ WB I

the destructive effect of the detuning of the structure away from the Bragg resonance is negligible in
the vicinity of Wd. It is important to note that the smallness of the shift is required in comparison
with the relatively big exciton frequency rather than, for example, with the width of the reflection
band. Because of this circumstance, our structures can tolerate as large changes of the exciton
frequencies as are possible with the quantum confined Stark effect. The result of such a change is
simply a uniform shift of the part of the spectrum.

3.4.4 Characterization of the reflection spectra in the case of intermediate
lengths

In the previous subsections we examined special situations when the defect can be con-
sidered as either deep or shallow. In both cases, we were able to derive approximate analytical
expressions describing defect-induced modification of the spectra and to obtain a qualitative un-
derstanding of how the defect affects the reflection spectrum. In particular, it was demonstrated
that the characteristic frequencies related to the modification of the spectrum are shifted from the
resonant defect frequency of a single well. This shift is the result of radiative coupling between the
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excitons in the defect well and the collective excitations of the host system. One of the important
consequences of this shift is the possibility for almost complete suppression of the effects due to
inhomogeneous broadening in some spectral intervals. In this subsection we consider systems with
intermediate lengths, when M is larger than M 0, but is still smaller or of the order of magnitude of
the penetration length. From the practical point of view, this case is of the greatest interest, since
this interval of lengths is still easily accessible experimentally, and at the same time, it is expected
that for such structures the defect-induced modifications of the spectrum become most prominent.
Unfortunately, none of the approximations used in the previous subsections can be applied here, and
we have to resort to a numerical treatment. Nevertheless, the qualitative understanding gained as a
result of the previous analytical considerations, serves as a useful guide in analyzing and interpreting
the numerical data.

As it was pointed out in the previous section, when M becomes larger than M 0 , the position
of the minimum of the reflection, w- moves closer to Wd, and the inhomogeneous broadening starts
contributing to Rmin. This effect can phenomenologically be described as the emergence of an
effective broadening parameter feff (-y, a, M), which is not a simple combination of -y and a, but
depends upon M. This parameter is limited from below by -y, when the inhomogeneous broadening
is suppressed, and from above by ý, when the contribution from a is largest. Because the minimum
value of the reflection is always achieved at a point shifted with respect to wd, generally Yeff is
always smaller than ý, and the homogeneous broadening makes a contribution to it comparable to
that of the inhomogeneous broadening despite the fact that y <« o. At the same time, the position of
w+, which determines the width of the spectral interval affected by the defect, depends upon -5 a.

Thus the effect of the broadenings on the spectrum can in general be summarized in the
following way: while the width of the resonance is determined equally by both homogeneous and
inhomogeneous broadenings, its strength depends mostly upon the homogeneous broadening.

We illustrate this conclusion quantitatively by defining the width of the resonance as the
distance between the extrema of the reflection spectrum, W(-y, a, M) = w+ - w_, and its depth
as the difference between the values of the reflection at these points, H(-Y, a, M) = Rmax - R-min.
In order to see how these quantities depend upon parameters -y and a, we chose several different
values of W and H, and plot constant level lines, W(y, a, M) = Wi, H(-y, a, M) = Hi. These lines
represent values of 7 and a for which W and H remain constant (Fig. 3.12).

The locus of constant widths is the set of nearly straight lines running almost parallel to
the axis representing the homogeneous broadening. Slight deviation from the straight-line behavior
is seen only for non-realistically high values of -y. Such a behavior confirms our assertion that the
width of the resonance is determined by an effective parameter, in which -y and a enter additively. As
we see, this is true even for systems which cannot, strictly speaking, be described by approximations
leading to Eq. (3.69). Since usually -y < a, the latter makes the largest contribution to this effective
parameter, and determines the value of W. The shape of the lines of constant height demonstrates
almost equal contributions from 7 and a, which means that the effect due to the inhomogeneous
broadening is significantly reduced as far as this feature of the spectrum is concerned. This is also
consistent with an approximate analysis presented in the previous section of the paper.

The remarkable feature of Fig. 3.12 is that the lines of the constant width and the constant
high cross each other at a rather acute angle and at a single value of y and a for each of the values
of W and H. This means that one can extract both -y and a from a single reflection spectrum of the
MQW structure. This is a rather intriguing opportunity from the experimental point of view, since
presently, the only way to independently measure parameters of homogeneous and inhomogeneous
broadenings is to use complicated time-resolved techniques.

It is clear, however, that the shape of the lines of constant W and H depends upon the
choice of the distribution function used for calculation of the average susceptibility of the defect
well. It is important, therefore, to check how the results depend upon the choice of the distribution
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Figure 3.12: Intersections of lines of constant height (dashed lines) and width (solid lines) of the
resonance allow determination of the values of the homogeneous and inhomogeneous broadenings.

function of the exciton frequencies. As an extreme example, one can consider the Cauchy distribution

f(WO)= (W0- 1)2 +a 2 " (3.74)

In this case, all the effects due to the inhomogeneous broadening can be described by a simple
renormalization, -y -- y + a, and the level lines in Fig. 3.12 would have the form of parallel lines.
This distribution though, hardly has any experimental significance, while the Gaussian function has a
certain theoretical justification [102]. However, the symmetrical character of the normal distribution
is in obvious contradiction with a natural asymmetry of the exciton binding energies, which can be
arbitrarily small but are bounded from above. It was suggested in Ref. [103] to take this asymmetry
into account by introducing two different variances in the Gaussian distribution: o- for frequencies
below some (most probable) frequency w,, and o+ for the frequencies above it. Accordingly, the
distribution function can be written as

_WO) 2 Je- _ , wo <Wc, (3.75)f -wo V/'(U+ + o7-) e ,0w e

It was shown that this choice gives a satisfactory description of time-resolved spectra of MQW's
[103]. The distribution function Eq. (3.75) can be parameterized either by o± and w, or, more
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Figure 3.13: Intersections for different values of the parameter of asymmetry. Dashed and solids
lines are lines of constant height and width respectively.

traditionally, by the mean value, C, the second moment, u, and the parameter of asymmetry, n,
defined as

S=WC+U+-0- n + 2 =a++a!_ 2(a
_ Ua +-c-) 2 " (3.76)

We use the corrected distribution function, Eq. (3.75), with the fixed mean frequency and
the variance, but different values of the asymmetry parameter, in order to see how sensitive the
defect induced features of the reflection spectrum are to the shape of the distribution function.
To this end, we plot the lines of constant height and width for different values of the asymmetry
parameter n (1 < n < 2). The results are presented in Fig. 3.13.

An interesting result revealed by these graphs is that with the change of the asymmetry,
the points at which W and H level lines cross move parallel to the axis of f, while the respective
values of a remain quite stable. This shift can be explained by noticing that with change of the
parameter of asymmetry the total width of the distribution remains the same while the effective
value of the inhomogeneous broadening at the point of the reflection changes. This indicates that
the value of a, which can be obtained by comparing experimental reflection spectra with the theory
presented in this paper, is not sensitive to the choice of the distribution function of the exciton
frequencies. The value of the parameter of the homogeneous broadening is more sensitive to the
asymmetry of the distribution function: it varies by approximately ten percent when the parameter
of the asymmetry changes by a factor of two. However, the estimate for y can be improved by
studying the temperature dependence of the reflection spectra.
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3.5 Discussion

The effects of the refractive index contrast on the optical properties of MQW structures
have not been, of course, overlooked in previous studies. In particular, modifications of the Bragg
condition and reflection spectra at normal incidence of Bragg MQWs in the presence of the contrast
have been discussed in Refs. [32, 33]. The effects of the dielectric mismatch on optical properties
of single quantum wells [37, 51] or an MQW structure embedded in a dielectric environment [53]
was also taken into account. However, this problem suffers a lack of an analytical approach. While
optical spectra of any given MQW based structure can be easily obtained numerically, this is not
sufficient when one needs to design a structure with predetermined optical properties, which is a
key element in utilizing these structures for optoelectronic applications. The main difficulty of this
task is the presence of a large number of experimental parameters such as an angle of incidence, a
polarization state, indices of refraction, widths of the barriers and the quantum wells, etc, which
are in a complicated way related to spectral characteristics of a structure. In order to resolve
this difficulty, one needs a general effective analytical approach that would facilitate establishing
relationships between material parameters and spectral properties of MQW based structures for an
arbitrary angle of incidence and polarization state of incoming light.

In the present chapter such a method is developed. It is based on a transfer matrix approach
and consists of two steps. In the first step it is shown that a quantum well embedded in a dielectric
environment can be described in exactly the same way as a quantum well in vacuum by introducing
an effective excitonic susceptibility and an effective optical width of the quantum well layer. In the
second step relations between these effective quantum well characteristics and parameters of a total
transfer matrix are established. The method is rather general and can be applied to a great variety
of different MQW structures with light of an arbitrary polarization, incident at an arbitrary angle.
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Chapter 4

Luminescence of quantum wells

A general approach developed in the previous chapters allows its applications not only for an
analysis of optical properties of the heterostructures but also for an investigation of more complicated
problems. One of such problems is the exciton luminescence in quantum heterostructures. Let an
external pump field with the frequency higher than the semiconductor fundamental edge create
the the electrons in the conduction zone and the holes in the valence zone. These excitations lose
their energy in both radiative and non-radiative ways until they reach the exciton states where the
final radiative recombination occurs. To obtain microscopical equations describing the relaxation
processes it is necessary to extend the consideration provided in Section 1.2.1 by taking into account
the intersubband terms, Oc WbWb,?Pb+Vkb', where the field A has its maximum magnitude at small
frequencies comparing with the exciton resonance frequency. This describes the radiative relaxation
of the electrons and the holes. The non-radiative relaxation is accounted by consideration of the
interaction with phonons. This adds two more terms in the equation governing the population of
the exciton level. The structure of these new terms is similar to that of the terms describing the
radiative relaxation. It is clear that the introduction of all these terms yields a Shr6dinger equation
with a source in its r.h.s. similar to Eq. (1.24).

The difference between the case considered in the previous chapters and the problem of
the exciton luminescence is that now the sources in the Shr6dinger equation are of different nature.
One of the sources describes a contribution of the external electric field to the population of the
exciton level. This corresponds to the situation considered in the previous chapters. The sources of
the second kind are responsible for the change of the exciton polarization due to transitions (photon
or phonon assisted) to the exciton level from other states.

The recombination of an exciton produces light which has to propagate through the struc-
ture and therefore is strongly affected by its optical properties. This is where the results obtained
in the previous chapters will be extensively used.

4.1 Macroscopic Maxwell equations

A qualitative consideration of the recombination processes provided above allows to write
down macroscopic Maxwell equations governing the spatial distribution of the electric field

02

V x V x E = 2 [n 2 (z)E + 47rPexc] - F. (4.1)

Here n(z) is the background index of refraction which is assumed to be periodically modulated
n(z + d) = n(z), F(z) is an electric field source function describing a "background" excitation and
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Pexc is the exciton contribution to the polarization given by

Pexc = -X(W)ZE Pm'(Z) [Jdz' lbmý(z')EIL(z', p) + Em..(p)] .(4.2)

The sum in this expression is taken over all quantum wells which are enumerated by the index m. The
wavefunction, Dbm (z), of the exciton localized in an m-th well is taken in the form 4Im (z) = (D(z-Zm),
where Zm is the position of the center of the m-th well. As well as in the previous chapters, we assume
that the period of the spatial arrangement of the quantum wells coincides with the period of the
modulation of the dielectric function Zmn+i - Zm = d. The term SE (p) is the exciton polarization
source function in the m-th quantum well, p is the coordinate in the plane perpendicular to the
growth direction. In Eq. (4.2) we explicitly have taken into account that only the projection of
the electric field perpendicular to growth direction E1 is optically active. The intensity of the
exciton-light interaction is characterized by the exciton susceptibility X(w) which we take in the
form assuming an absence of the exciton dispersion in the plane of the quantum well.

xw) = a (4.3)
W -W + i-Y*

Here a -, I (cl p v) 12 is the exciton-light coupling parameter, w0 is the exciton resonance frequency
and -y is the homogeneous broadening of the exciton line.

Our final objective is to establish a general approach for a consideration of the exciton
luminescence in the resonant photonic crystals. We apply this approach to an analysis of the
luminescence spectrum in the direction normal to the plane of the layers. Therefore, to avoid
unnecessary technical complications, we will consider only s-polarized electric field emitted by the
structure. The Maxwell equation (4.1) allows the separation of variables that can be performed in
the following way. Let the electromagnetic wave propagate with the wave vector k along the plane
of quantum wells, i.e.

E(z, p) = eikPE(z, k). (4.4)

For a s-polarized field the direction of k fixes the direction of E(z, k)

E(z, k) = E(z, k)6,(k), (4.5)

where 6 (k) E &z X ek is the unit polarization vector. In what follows we will omit the argument k
when it is clear that the value of the scalar amplitude is taken at a fixed value of the in-plane wave
vector.

Since we are interested in s-polarized field only we can assume that both source fields F
and Em have a corresponding distribution in the plane of the layers. Formally this requirement is
formulated in the form of a possibility to represent the sources as

E(p) = d2k es (k)zin(k)eikp, F(p, z) = J d2k k&(k)F(k, z)eikp, (4.6)

where the integrals are taken over vectors lying in the plane of quantum wells and the coefficients
Em (k) and F(k, z) can be found using the Fourier transformation

m(k) = 6,(k) Jd2P Ei(P)e-ikp, F(k, z) = 6, (k). Jd2pF(p, z)e-ikp. (4.7)

In what follows we will drop the wave vector k as the argument of the amplitudes Em (k) and F(k, z).
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Substitution of Eqs. (4.4), (4.5) and (4.6) into Eq. (4.1) gives the equation with respect to
the scalar amplitude of the electromagnetic wave

dz2  + t' 2 (z)E(z) - F'z) d4' 1 *Iw2I

d2 z)+K2 (z)E~ z ~)- 47rw 2 XPw) E 'Dm(Z) [J mz4,*,z)Ez) + EI, (4.8)
m -

where K 2 (z) = w2n 2(z)/c 2 - k 2 . The solution of the initial vector equation is obtained from the
solution of Eq. (4.8) as the inverse Fourier transform of the electric field similar to Eq. (4.6).

4.2 Transfer matrix

The initial problem being reduced to a one-dimensional ordinary differential equation can
be effectively studied using transfer matrices. We will use the approach developed in Chapter 2.
To apply it for the luminescence problem it is necessary to take into account the circumstance that
now the transformation of the electric field from one boundary to another is not linear because of
the sources. Fortunately, it requires only a slight modification.

Without loss of generality we consider a layer with the quantum well situated at z = 0
with the left and right boundaries at z_ and z+ respectively. Inside a single layer the summation
over quantum wells in Eq. (4.8) can be dropped and so can the number of the quantum well. The
r.h.s. of the equation obtained can be considered as an inhomogeneity in a second order differential
equation

d2E(z)
dzi-2  + ,2(z)E = F(z). (4.9)

A general solution of such an equation is written in the form

E(z) = Clhl(z) + c2h2(z) + (G *.T)(z), (4.10)

where
z

(G * _F)(z) = hh J dz'17(z') [hi(z')h 2 (z) - hl(z)h2 (z')]. (4.11)

Here hl,2 (z) are linearly independent solutions of the homogeneous equation

d2E(z) 2
dz 2  + r (z)E = 0, (4.12)

and Wh = h1h' - h2h' is the Wronskian of these solutions. To avoid unnecessary complications of
the following formulas we assume that h1 ,2 are real functions, e.g. they solve the Cauchy problem
(4.12) with real initial conditions at z = 0. In Eq. (4.11) we explicitly have taken into account that
for Eq. (4.12) the Wronskian does not depend on z.

Substitution the r.h.s. of Eq. (4.8) into Eq. (4.10) yields for the field at the right boundary
of the elementary cell

E(z+) =hl ci - F2 + +
[ V'Wh \ h /J0 CW +VW (4.13)

+h2jC2 + -- , C10 ( i+ C2V+ )1
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where 'P1,2 and F 1,2 are the "projections" of the exciton state and the non-resonant field source onto
the solutions of the solutions h 1 ,2

dz'/)*(z')hl, 2 (z'), F 1,2  dzF(z)h,2(z) (4.14)

QW z_

In Eqs. (4.14) the integrals are taken over the period of the structure (or over the elementary cell of
the photonic crystal). The effective polarization source function t is the initial E modified by the
field source function

E + = dz (z)(G*F)(z). (4.15)

QW

Using the solution (4.13) the relation between the values of the field at different boundaries
of the elementary cell can be found. If the field is specified by the amplitudes Cl,2 one has

(Cl) (z+) = Tf (z-.) + (Aclc) (4.16)

where Tf is the transfer matrix through the elementary cell written in the basis of the linearly
independent solutions

~47rw 2 ,(P 2 P W2~
Tf4=1+ _C2K' _W P2 W , (4.17)

where i is the unit matrix. The contribution of the sources is described by the second term in r.h.s.
of Eq. (4.16)

(ACl 1 (-F2) + 4rw 02 ( 1) (4.18)

This is one of the main results of this Section. The important feature of this addition is that it does
not depend upon the state of the "incoming" field. In other words, the field at the right boundary
of the elementary cell is obtained as a superposition of a regular transfer of the field at the left
boundary (as if there were no sources at all) and the field generated by sources. It might seem
that there is on symmetry between the left and right boundaries of the elementary cell, however,
it must be noted that such symmetry must appear as a solution of an appropriate boundary value
problem. In particular, results similar to Eq. (4.16) can be obtained for a general case of absent
mirror symmetry of the elementary cell, multilevel structure of the exciton susceptibility X, including
both even and odd exciton states and so on. In these cases the symmetry between the fields at the
left and right boundaries can barely be expected. At this stage the solution given by Eq. (4.16) must
be considered as a general solution of a Cauchy problem (general solution of homogeneous equation
plus a particular solution of inhomogeneous). The application of this solution to a problem with
boundary conditions will be shown in the next section.

So far we considered a general situation. The expressions obtained greatly simplify when
the symmetries of the profile of the quantum well and the modulation of the dielectric function are
consistent, i.e. n(zm + z) = n(Zm - z), where zm is the position of the center of m-th quantum well.
In this case the elementary cell of the structure can be chosen such a way that it explicitly has the
mirror symmetry with respect to its center (see Fig. 4.1). In what follows the elementary cell will
be meant having such symmetry.

Because of invariance of Eq. (4.12) with respect to mirror reflection its solutions have
definite parity. Therefore as the pair of linearly independent solutions h1 ,2 can be chosen functions
which are even and odd with respect to the center of the quantum well. Let h2 be the odd solution
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Figure 4.1: The periodic structure built of quantum wells (the shadowed rectangulars) and the
barriers between them. Vertical dashed lines show the boundary of the elementary cell having
the property of the mirror symmetry. The smooth line illustrates the modulation of the dielectric
function in the structure.

then 02 = 0 what essentially simplifies Eqs. (4.17) and (4.18). The generalization of the results
obtained below for a non-symmetrical case can be obtained but it requires more cumbersome analysis
(see e.g. Section 2.4). Therefore, to avoid blurring the main ideas by technical complications we will
consider the symmetric situation.

The basis of a pair of linearly independent functions is convenient to derive the transfer
matrix through a single elementary cell staying inside the cell. However, for consideration of optical
properties (e.g. a field emitted by the structure) the conventional basis of planar waves is more
convenient. In this basis the field is naturally represented in the form

E = E+eq + Eeiqz, (4.19)

where q = n(z+) is determined by boundary conditions at the interface between elementary cells.
The transfer matrix written in this basis relates the amplitudes of the waves propagating to the left
and to the right E± at the different boundaries of the elementary cell. Using the transformation rule
(A.9) the transfer matrix in the basis of plane waves can be obtained in the form [see Eq. (2.22)]

(( af (af -af)/2) (4.20)T (al - fd)/2 a

where

a = g 2, f = g1 - iSg 2,
(4.21)a= 92 = 1+ iS9 ,

and
1 h (,, (+ ) 1 9 1

=1h(z+) + iq = [iqh 2(z+) + h'(z+)]. (4.22)
V~h iq -VWK

The function S(w) in the one-level approximation for X(w) has the form

P0
S(w) = w o - (4.23)W - WO - AW + i-Y'

where Po = 27raw2 2/qc2 is the radiative decay rate. As well as in previous chapters, since X and
S(w) differ only by a factor slowly changing with frequency we will refer to function S(w) as the
exciton susceptibility.
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The source term (4.18) in the basis of plane waves has the form

yvi) = -F 2 1a) + F1 1s) + 2ES >, (4.24)

where 1a) = g' I+) + g• I-) and Is) g2 W+ - g2 I-). The index m in the notation IV.) reminds
that relevant quantities (e.g. sources) depend on the number of the well and should be taken for
the particular m-th well. The first two terms in Eq. (4.24) can also be represented as a vector with
components [1 ± (iq)-'d/dz] (G* F) (z+) relating it more directly to the external sources of the field.
However, for the following analysis it is more important to establish the relation between the source
terms in the basis of plane waves and the solutions of Eq. (4.12) with the definite parity. Let us
look, for example, at the term oc F1 in Eq. (4.24). Its magnitude is determined by the projection
of the non-resonant source to the even solution of Eq. (4.12). In particular this term vanishes if the
external excitation is antisymmetric with respect to the center of the elementary cell of the structure.
A comparison of this term and the term oc t allows to identify the symmetry of the excitation of the
electric field induced by the exciton recombination as symmetric with respect to the center of the
elementary cell. Of course, such identification is supported by assumed above the same symmetry
of the exciton wave function and the spatial modulation of the dielectric functions and is formally
established by the choice W2 =- 0 used above.

4.3 Radiative boundary conditions and the field emitted by
an m-th well

In this Section we consider a structure containing N layers and find the field outside the
structure subject to the radiative boundary conditions. For example, if the structure is embedded
into vacuum it is necessary to take into account additional scattering of light by the interface. It is
done by introducing the interface transfer matrices so that the field outside the structure (behind
its right end) is

( ) =T,(E+)E 1  (I p) (E+) (4.25)
where

n out Cos Oout - nb COS Ob

lnout cos Oout + nb COS 0
b (4.26)

is the Fresnel coefficient for the s-polarized field. The angle of incidence is determined by tan Ob =

k/q. The outgoing wave propagates at the angle following from Snell's law nout sin 0 out = nb sin 0 b.
First, we consider the case when only m-th quantum well emits light. There are waves

propagating away from the structure in the surrounding medium. In other words, in the half-space

z < ZL, one has the wave propagating to the left, that is E(m) I-) and in the half-space z > ZR

there is the wave propagating to the right E(+M) I+). Here ZL,R are the coordinates of the left and
the right ends of the structure, respectively, and

,-+) Q0) ÷>-1) (4.27)

Using the results obtained above we can find the relation between the field outside the
structure

E(+m) I+) = TPTN-m IVm) + E(m)TpTNT;1 I_). (4.28)

This equation is written using essentially the results obtained above in Eq. (4.16). The field state
given at the left boundary of the layer is transferred through the luminescent layer in a usual way
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by a simple multiplication by the transfer matrix. This gives the term proportional to TN. The
sources of the electric field lead to the appearance of one more term. Because of the linearity, the
transfer of this summand can be considered independently. This results in the term proportional to
TN-m in Eq. (4.28). Multiplication of Eq. (4.28) from the left by (+1 and (-I gives the system of
two inhomogeneous equations with respect to E(m). The solution of this system is

E(m) _ (-I TpTN-m IVi)

H (TPCH) (4.29)

E(+-) =((+I (+I Tpc I-) TpTN--IV.),

where Tpc = TpTNT;I is the transfer matrix through the whole structure including the interfaces
between the terminating layers and the surrounding medium. Let us note, that this is not essential
for the derivation of these expressions that all transfer matrices in the structure are the same or
that the elementary cell possess the mirror symmetry. For example, if the the transfer matrices
are different then instead of the powers of T in Eq. (4.29) products of the corresponding transfer
matrices would appear. What is crucial is the possibility to separate different contributions in the
field at the right boundary of the elementary cell as is emphasized by Eq. (4.18). However, as has
been discussed above, such a separability is the general result.

The apparent asymmetry of these expressions for E(mn) is a consequence of the definition of
IVin) and, actually, reflects a possible difference between the fields emitted in positive and negative
directions in an asymmetrical case. Since we are interested in the case where both the dielectric
function and the exciton wave function have the mirror symmetry with respect to the center of the
elementary cell, it is convenient to have such a form of Eqs. (4.29) which is similar for both E(m)

and E(n). It can be done using the general property of the transfer matrix through a structure with
the mirror symmetry, aT-la, = T. Using this property, the second equation of Eqs. (4.29) can be
shown to be

E(m) _ (+1 TpT- Ivn) (4.30)
+ (HTpcH-

Of course, to prove the actual symmetry it is necessary to show that Eqs. (4.29) imply the
equality

E(N-r+l) = E(m) (4.31)

It should be noted, however, that such an equality is a consequence of the symmetry not only of
the structure itself but also of the sources. For example, as is seen from Eq. (4.24), generally the
non-resonant source term F(z) in the r.h.s. of Eq. (4.8) can provide such excitations which do not
have a definite symmetry with respect to the center of the elementary cell of the structure. It occurs
when both F 1,2 5 0. In this case a relation similar to Eq. (4.31) generally does not take place.
However, when the sources have a definite symmetry, one can prove that Eq. (4.31) holds. The most
interest case for us is when F 2 =- 0. Then, in order to prove Eq. (4.31) one should use the relation
T-1 Is) = -o. Is), which validity can be shown either by direct calculations or by an analysis of the
derivation of Eq. (4.24).

It is convenient to rewrite the expressions for the external field in terms of Green functions
defined as the field radiated by a source with a unit intensity. As follows from Eqs. (4.29) one has

E(,m) - + (4.32)

where

+F 2,mSiq = -- - ,o -- -F2 (4 .33)
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are the amplitudes of the sources. The Green functions g(m)(sa) describe the response on the
excitations with the different symmetries and can be written in the form

g(a)(m) = ±tN (+1 T(m)T, Is, a). (4.34)

Here we have taken into account the definition of the transmission coefficient through the whole
structure tN in terms of the transfer matrix tN = (-I Tpc I-)-1. Also, in Eq. (4.34) we introduced

partial transfer matrices T(m) = TpT-mT,7l and T(m) T TN-mT,-1 . These matrices have the

property TpCT_(m) = T(m) which illustrates their physical sense and makes the structure of the

Green functions g±a) clear.
It should be noted that Eqs. (4.32) and (4.34) are direct consequences of Eqs. (4.29) and

up to the definition of T(m) do not depend on a specific form of the transfer matrices through the
individual layers.

Eq. (4.32) solve the general problem of the field created outside a resonant photonic crys-
tal by the sources of different nature localized inside the structure. It follows immediately from
Eqs. (4.33) that the specific feature of the contribution to the radiated field due to the exciton
recombination is its resonant character. This is the main contribution at frequencies close to w0

while the non-resonant sources specified by F(z) create the background component which is char-
acterized by a relatively smooth frequency dependence and becomes important far away from the
exciton resonant frequency. These non-resonant sources are not important for the problem of the
exciton luminescence in the resonant photonic crystals. Therefore, below we assume that the only
source of the electric field in the structure is the exciton recombination and neglect the non-resonant
sources. As the result the amplitudes of the sources in Eq. (4.32) become Cm = 2EmS/iioj (note

that tm =Em as F 0) and Cm  0. Since the only relevant Green function in this case is g()(m)
we will drop the superscript (s) hereafter.

4.4 The intensity of the field outside the structure

The full field created by a luminescent structure is obtained by the summation of E(m)
with respect to all quantum wells. To analyze the intensity spectrum, one should, however, take
into account the fact that the spatial correlations of Em are shorter than the characteristic length of
the structure (the period of the structure). This leads to non-coherent contributions to the emitted
electric field from different quantum wells and different points of the wells. This circumstance is
taken into account by averaging the total intensity over the realizations of Em. We assume the
function Em to be a random function of the frequency, w, and the in-plane wave number, k. The
statistical properties of this function are characterized by a correlation function of the following form:
(Emn(k,w)Ei(k',w')) = E(w, k)6(w - w')b(k - k')Sm., where E(w, k) is a spectral function, which we
do not expect to depend strongly on w and k at the frequency scale involved in our discussion.

Using these properties of Em, one obtains (E(k 1 )E(k 2 ) = -(k1 )(k 1 - k 2 ). Here 1(k1 ) is
the spectral density of the electric field which has the form

1(w, k) = 4-E(w, k) S! k) 2 Ig(m;w,k)12 . (4.35)

This is the general expression which allows analyzing both the frequency and the directional depen-
dence of the luminescence spectrum. In what follows we restrict ourselves to the consideration of
the intensity of the electromagnetic waves emitted along the growth direction of the structure (i.e.
k = 0). The directional distribution of the radiation will be studied elsewhere. When one considers
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a wave propagating along the growth direction, generally, it is necessary to take into account that
there are two s-polarized waves in this case. The relation between the intensities of these waves
is determined by the stochastic properties of E(p). Generally they are specified by the average
(E(p) ® E(p')) = =(p - p'), where 2(p) is a symmetric correlation second-rank tensor. For each
wave polarized along the principal axes of the tensor one restores Eq. (4.35). Thus, the relation
between the intensities of the waves with these polarizations is determined by the relation between
the eigenvalues of the tensor E. Moreover, it is clear that the correlation tensor gives all Stocks pa-
rameters [44]. In the structures under consideration, however, it is natural to assume the isotropic
distribution of E(p) what leads to unpolarized emitted wave and the general validity of Eq. (4.35).
The spectral function E(w) is an important parameter determining the form of the luminescence
spectrum and should be determined from a microscopical consideration of the electron relaxation
processes. However, it barely changes essentially on the frequency scales under the interest. Because
of this circumstance we assume E(w) = 1 in our numerical calculations while formally keep it in the
expressions.

Eq. (4.35) shows that the form of the luminescence spectrum is determined by several
factors with different frequency dependencies. The exciton susceptibility, S(w) for instance, strongly
reduces the luminescence far away from the exciton frequency w0 . The spectral density, E(w) can
be considered as a slowly changing function of frequencies at the scale of the width of the polariton
stop-band. The last term in Eq. (4.35) has two contributions. One is the transmission coefficient
tN, which has singularities at the eigenfrequencies of the quasi-modes of the structure. These
singularities determine the fine structure of the luminescence. The second term is responsible for
the variations in the luminescence intensity at a much larger scale. In the presence of homogeneous
and inhomogeneous broadenings only these variations survive.

The summation over the quantum wells can be performed using an assumption that all
transfer matrices T entering the definition of T(m) in Eq. (4.34) are the same. Also we assume that
the structure is made of an integer number of the elementary cells. This means, in particular, that
the terminating layers are half-barriers. These assumptions imply that all partial transfer matrices
possess the mirror symmetry and can be represented in the form actively used in Chapter 3

) cosO-isinOcosh/3 -i sin 0 sinh(4T(O, 3) = isin0sinh,8 cos0+isin0cosh/3," (4.36)

Comparison of Eqs. (4.36) and (4.20) gives the relation between the parameters of these represen-
tations

cos 0 (af + dj), tanh/3 = 5f - af (4.37)
af - f(4

The parameter 0 determines the polariton spectrum and has a sense of 0 = Kd, where K is the
polariton Bloch wave-number.

The representation (4.36) is convenient for performing the summation in Eq. (4.35) because

all T(m) are characterized by the same /3 (including the scattering at the interface between the
structure and the surrounding medium which does not change the spectral parameter), while the
spectral parameter of T(_m) is merely -mO. Thus, T(m) can be written as

T71m) = eimOTH (,6/2) 1-I- (+I THI'(//2) (4.38)

+ e-imOTH(/3/2)]--) (-- TH'(/3/2),

where TH is a matrix describing a hyperbolic rotation with a dilation

TH(3) = e" ( cosh/3 - sinh/3(
kx-sinh/3 cosh03 (4.39)
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Using Eq. (4.38) one can find

-1 1: 1[(mr) 12 = sinhg0O" [IA 12e-_(N+1)0,, + JB12 e(N+1)0,,

sin sn NO"
sinNO' [AB* ei0'(N+x) + A*Be-i°'(N+I)]1

where we have represented 0 0' + iO" and have introduced

A = 1- - [(g 2 - p g 2)c sh2 ( ,3 / 2 ) - 2 (g 9 - p g 2 ) sin h 3( 4 .4 1)

B=- 1 [(g2 - pg*) sinh 2(/(/2)- 1(g; - pg2 )sinh13.

For the purposes of numerical calculations instead of direct calculations of the parameter 3 it is
more convenient to multiply both parts of Eqs. (4.41) by sin 0 and, then, use Eq. (4.36) to establish
direct relation of corresponding terms with the elements of the transfer matrix through the period
of the structure.

It is immediately seen from Eq. (4.40) that the luminescence is reduced at frequencies
corresponding to the interior of the forbidden gap. At these frequencies the main contribution to
the r.h.s. of Eq. (4.40) is due to the exponentially large terms oc exp(NO"). However, these terms
are cancelled by the exponentially small transmission at these frequencies. As the result 1(w) tends
to values which are independent on the length of the structure. Thus, for sufficiently long structures
where the polariton band structure essentially affects their optical properties the luminescence at
the forbidden frequencies is relatively small.

Before we turn to a more detailed analysis of the luminescence spectrum it should be noted
that the optical properties of the resonant photonic crystals strongly depend on the relation between
the resonant frequency and the position of the photonic band gap. The strongest exciton effect on
the light propagation takes place in Bragg structures (see Chapter 2). The condition for the Bragg
resonance is the coincidence of the exciton frequency, w0, and a special frequency wB. In MQW
structures with the homogeneous dielectric function the frequency WB corresponds to the boundary
of a Brillouin zone. In resonant photonic crystal WB is a boundary of the photonic band gap existing
in a passive photonic crystal characterized by the same spatial modulation of the dielectric function.
More specifically the condition of the Bragg resonance is determined by the details of the modulation
of the dielectric function. For concreteness we will assume that the dielectric function reaches its
maximum value at the quantum well and monotonously decreases towards the boundaries of the
elementary cell. In this case the Bragg resonance takes place when the exciton frequency coincides
with the high-frequency boundary of the photonic band gap, Q2+. The structures where w0 is close
to WB are characterized by a relatively wide forbidden gap with a transparency window between w0
and WB. We will call such structures quasi-Bragg in order to separate them from those where wo
lies far away from the photonic band gap. The polariton spectrum in the latter case consists of two
gaps - narrow exciton related gap near w0 with the width - F0 and almost unperturbed photonic
band gap. We will refer to these structures as off-Bragg.

The exciton luminescence is not an exception and also depends on the relation between
w0 and WB. Therefore, one should make a distinction between the luminescence of the quasi- and
off-Bragg structures. Eq. (4.40) allows a constructive analysis in both these cases. We consider in
details the case of quasi-Bragg structures and shortly discuss main features of the off-Bragg case.

It can be noted that the luminescence spectrum is mainly concentrated near the edges of the
bands of the exciton polaritons when w0 is close to wB. Indeed, at frequencies inside the forbidden
gap the contribution to 1(w) of the exponentially big terms in the r.h.s. of Eq. (4.40) is cancelled by
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Figure 4.2: The luminescence spectrum and the polariton band structure are shown for quasi-Bragg
structures near the boundary of the first Brillouin zone. Smooth filling corresponds to the term

IS12 Em lg(M)1 2]. The lines are the level curves of 0". Frequency changes along the vertical axis
and the horizontal axis presents the detuning from the Bragg resonance measured as a ratio WO/WB.
(a) Pure MQW structure with parameters typical for AlGaliAs/GaAs structures: r0 = 15 peV,
w0 = 1.489 eV, -y = 50 MeV, also inhomogeneous broadening has been taken into account a = 200
peV. (b) An example of MQW based photonic crystal. The exciton related parameters are the same
as in (a). The modulation of the index of refraction is taken to be n(z) = 3.4 + 0.1 cos2 0°(rz/2d).

the exponentially small transmission at these frequencies. Besides, at frequencies far away from the
w0 the luminescence is subsided by the smallness of the exciton susceptibility. In a neighborhood of
the band edges Eq. (4.40) drastically simplifies. At such frequencies we can represent the spectral
parameter as 0 = 7r + ic and assume that f is sufficiently small resulting in NIfI <« 1. Obviously, this
approximation fails when e is large which happens when the exciton frequency is essentially detuned
away from the Bragg resonance. However, it suffices for a semi-qualitative analysis.

At a vicinity of the band edges Eq. (4.35) takes a simple form

1(w) = 4NE(w)ItNI2 S(w) 2 - pg 2  (4.42)
Vi 1 + P

As follows from this expression the intensity of the emitted field increases linearly with the number
of quantum wells as one should expect. This is the consequence of the transparency of the structure
at these frequencies and of the independence of the contributions of different wells to the radiated
field.

We would like to note that Eq. (4.42) can be simplified even more using the fact that
the last term changes very slowly in the region of frequencies under the interest. Indeed, near the
photonic band gap one has h2(z+)' ; 0, thus the last term reduces to Ih2q/V/-W-h 2.

It is seen from Eq. (4.42) that the luminescence of the Bragg structures is relatively small.
The reason is that in this case there is a solid gap with the width A > max(ro, -y). As the result,
the edges of the gap are situated so far away from the exciton frequency that the intensity of the
field is essentially reduced by the exciton susceptibility. When the structure does not satisfy the
Bragg condition a transparency window appears which splits the gap into two parts. One part
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Figure 4.3: The fine structure of the luminescence spectrum. Smooth filling corresponds to the term
ISI2 

Z.m Ig(m)12. The parameters of the structures are the same as in Fig. 4.2 except -y = 10 geV
and a = 0. (a) The MQW structure with a homogeneous dielectric function. (b) The MQW based
photonic crystal.

is detached from the exciton frequency and another is adjacent to it. Using the same reasoning
as above one can show that the luminescence spectrum is concentrated near the edges of the gap
adjacent to wo. The relatively smooth dependence of the luminescence spectrum on the frequency
and the period of the structure is modulated by strong frequency and period oscillations of the
transmission ItNA 12. These oscillations constitute a fine structure of the luminescence spectrum and
become visible when the exciton broadening is sufficiently small. Numerical calculations using the
exact form of 1(w) shown in Figs. 4.2 and 4.3 qualitatively confirm these results. Fig. 4.2 shows the
luminescence spectrum together with the polariton stop band. Because of the exciton broadening, the
notion of the gap becomes ill-defined and, in particular, the edges of the gap can not be determined
unambiguously. However, at the frequency corresponding to the band edge in a system without
broadening the imaginary part of the polariton Bloch wave-number drastically increases what can
be traced on the level curves of 0" in Fig. 4.2. The outer curves correspond to the smallest value
of 0". It is seen that the maxima of the luminescence spectrum approximately follow these lines
with the change of the relation between the exciton frequency and the period of the structure. The
exact positions of the maxima are determined by an interplay between a smaller value of 0" (and,
hence, a higher transmission) and a smaller distance from the exciton frequency (a higher value of
S(w)). It is interesting to note that a clear difference exists between the luminescence spectra in
a MQW structure with a homogeneous dielectric function and in a MQW based photonic crystal.
The latter is clearly asymmetric with respect to the point of the Bragg resonance. It is related to
the asymmetrical structure of the polariton band gap in such structures. In a structure tuned to the
Bragg resonance the exciton frequency is not situated at the center of the forbidden gap as it is in
the case of the optical lattice but is rather shifted toward the high-frequency boundary of the gap.

Fig. 4.3 shows the luminescence spectrum for a sufficiently smaller value of the exciton
broadening so that the fine structure is clearly visible. It is constituted by maxima of the lumines-
cence following the period dependence of the resonances on transmission [104, 105]. These maxima
appear as the characteristic scars on the spectrum.
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The approximation used above is suitable while the structure is slightly detuned from the
Bragg resonance. A detailed analysis shows that when the detuning becomes essential Iwo - WBI >I
A the relevant approximation is to keep only the term c IB1B2 in Eq. (4.40). It shows that the
luminescence spectrum is concentrated only near the exciton frequency wo with a characteristic
width determined by the parameters of the exciton susceptibility - radiative decay rate To and the
exciton broadening ,y.
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Appendix A

Transfer matrix formalism

The transfer matrix technique has been reviewed in a lot of publications. Here, however,
we use this technique in a bit unusual aspect and, therefore, find it relevant to recall important
results.

There are transfer matrices of different kind. As the basic one serves the matrix built
for values of the electric field and its derivative. The formal reason for it is that Eq. (2.5) can
be considered as a Cauchy problem whose solution is specified by initial condition at some point
with coordinate z, i.e. by E(z) and E'(z). This approach has proved its power in problems with
piecewise constant dielectric function, c. The Maxwell equation can be easily solved in each region
of constancy of e and the solution is determined by the initial conditions at the boundary of this
region. This solution supplemented by the Maxwell boundary conditions at the point of jump of the
dielectric function gives the values of E and E' that are considered as initial conditions for the next
region of the constancy and so on. The matrix relating these values is called transfer matrix

SE (z + d ) • T p( , z E (z ) ( .1
E'(z + d) TE'(z)"

However, this basis is rather formal and masks some features that are specific for propa-
gation of light along the structure. This inconvenience can be improved by choosing a special way
of constructing the transfer matrix. For example, the problem of scattering of light is naturally set
by giving the amplitude of incident, say on the left boundary, wave and obtaining the amplitudes of
transmitted and reflected waves. That is the field is sought in the form eirz + re-iKz at the left side
and in the form teirz at the right side. More generally, the field is represented in the form

E(z) a+eiI + a-e- , (A.2)

E(z + d) ,a'ez + a' e-iz(

and the transfer matrix (sometimes it is called a scattering matrix [106]) relates the amplitudes at
the left and the right boundaries

a,+• T a+- (A.3)
(a' (+

As follows from Eqs. (A.2), the transfer matrices written in these two bases are related by a similarity
transformation, T - W-l(z)TO(z + d, z)We(z), where

We(z) ( e -•z e_ .4
We (Z.r'- -~- (A.4)
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Another important way to introduce a transfer matrix (see e.g. Ref. [107]) is based on
a possibility of a representation of the solution of the Maxwell equation as a sum of two linearly
independent functions, fl,2(z), with modulated amplitudes

E(z) = cl(z)hi(z) + c2(z)h 2(z), (A.5)
E'(z) = cl(z)h'(z) + c2(z)h'(z).

Now, the transfer matrix gives the relation between the amplitudes at different points, usually a
period of structure apart,

cl(z + d) =Th(d) \c2(z)V (A.6)

From Eq. (A.5) follows that

Th(d) = Whj(z + d)TO (z + d, z)Wh(z), (A.7)

where Wh(z) is the Wronsky matrix

h (Z) hj(z) h2(z) (A.8)
Wh(z) = (h'(z) h2(z).

Eq. (A.8) allows to derive a relation between transfer matrices obtained for a different choice of the
basis functions h1 ,2 .

The relation between the transfer matrices written in the bases of plane waves and a pair
of linearly independent functions is written as

T = M(d/2)Th(d)M-'(-d/2), (A.9)

where M(z) = WJ 1 (0)fWh(Z). Substitution of Eqs. (A.4) and (A.8) gives

1 hi(z) + .!z h2(Z)+hZ-M(z= h2 (z)- (.10)
2K 2K

All different bases to write the transfer matrix have their advantages and disadvantages.
For example, the basis of a pair of linearly independent functions is naturally related to solutions
of the differential equation, is easy to find but is inconvenient for solution of scattering problems.
The fact that, generally, it is not related to Tp by a similarity transformation [see Eq. (A.7)] makes
it difficult to consider the spectrum problem in the frameworks of this basis. Indeed, divergence
or vanishing the amplitudes cl,2 themselves says nothing about the behavior of the field. It is
necessary to consider additionally details of the dependence of the basis functions. Therefore, to
solve the spectrum problem it is not enough to look at the transfer matrix itself but it is necessary to
solve an appropriate boundary value problems for amplitudes cl,2. The basis of plane waves, on the
contrary, is the most suitable for solution of such problem since the transfer matrix itself contains
all the information one needs. However, finding of the transfer matrix in this basis calls extra
efforts because it requires a solution of a differential equation with boundary conditions. Therefore,
conversion rule from one basis to another similar to Eq. (A.9) is very useful.

Concluding, a solution of a particular problem using the transfer matrix technique can be
quite straightforward provided by using different bases for representation of transfer matrix - the
most convenient for particular sub-problems.
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Summary

The thesis is devoted to an analysis of optical properties of quantum heterostructures -
the structures characterized by a periodic spatial arrangement of elements with optically active exci-
tations (e.g. excitons). These structures are the merging point of two active trends - conventional
photonic crystals and optical lattices. In the present thesis the one-dimensional situation (photonic
crystals based on multiple-quantum-well structures) is considered and the following most important
results have been obtained.

1. An effective approach for the description of propagation of the electromagnetic waves in the
structures under consideration has been developed. This approach takes into account an
arbitrary spatial modulation of the dielectric function, an arbitrary form of the exciton states,
an arbitrary angle of propagation of the electromagnetic wave and its polarization state. This
approach is naturally free from the problem of the eigenstates in media with dispersion and
absorption.

2. The exciton polariton dispersion law has been studied in details for a special case when the
modulation of the dielectric function possesses the mirror symmetry. It is shown that the
interaction of light with excitons can lead to an essential modification of the spectrum of
electromagnetic waves when a special condition of an optimal coupling between the quantum
wells is met (the Bragg resonance). In the simplest case of consistent symmetry of the dielectric
function and the exciton wavefunction this condition is the coincidence of the exciton resonance
frequency and the high-frequency boundary of the photonic band gap existing in a passive
structure with the same modulation of the dielectric function. The polariton spectrum is
characterized by a solid gap with the width equal to the Pythagorean sum of the photonic and
the excitonic gap widths.

3. The effect of a complex structure of the exciton states on the polariton spectrum has been
analyzed. This effect can be significant in special structures with sufficiently close quantum
wells in the elementary cell. In this case the hybridization of the exciton states localized in
different wells results in the states with different symmetries and close energies. It is shown
that in this case the optical mixing of the exciton states appears. The exciton related optical
peculiarities (e.g. on transmission and reflection spectra) appear at such frequencies as if there
were an additional interaction between the excitons.

4. The general approach for an analysis of the optical spectra of the finite quantum heterostruc-
tures has been developed. One of the key features of this approach is that a single quantum
well embedded in a dielectric environment allows description as a quantum well in a vacuum
but with modified excitonic susceptibility and the optical width. These modifications allow
relatively simple taking into account the angular and the polarization dependencies of the
optical spectra. The introduction of these effective quantities establishes a relation between
the results obtained in the particular case of a homogeneous multiple-quantum-well structure
and in the general case of a resonant photonic crystal.
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5. It is shown that one of the specific features of the spectrum of quantum heterostructures
is vanishing reflection at one of the frequencies, wmin, where the different contributions to
the scattering of light (scattering by the inhomogeneities of the dielectric function and by
the excitons) become equal. This effect has the same origin as the Fano resonance. The
characteristic frequency Wmin depends upon the spatial distribution of the dielectric function
and plays the role of the Fano parameter.

6. Optical spectra of finite structures with a "defect" layer at the middle have been studied. A
special attention has been paid to Q-defect. It is shown that there exists a resonant drop of
the reflection, also with the same origin as the Fano resonance. This is the important feature
of this effect that the drop occurs not at the frequency of the defect layer but is rather shifted
away from it. The magnitude of the shift is determined, in particular, by the whole structure
and can be made essential comparing with the values of the homogeneous and inhomogeneous
broadenings. As the result the effect of the broadenings can be made quite small leading to
extremely small values of the reflection at the frequency of the drop.

7. General effects of the homogeneous and inhomogeneous broadenings on the optical spectra
have been considered. It is shown that the approximation of the inhomogeneous broadening is
exact when one considers only the specular component of the scattered wave. It is shown that
because of different frequency dependencies of homogeneously and inhomogeneously broadened
excitonic susceptibilities these broadenings lead to different modifications of the reflection
spectrum. This allows a principal possibility of independent measurements of the broadenings.

8. Using the approaches developed, the problem of the exciton luminescence in the resonant pho-
tonic crystals has been solved. It is shown that luminescence spectrum is mostly concentrated
near the edges of the forbidden gaps in the polariton spectrum. The spectrum is modulated
by the exciton susceptibility and the transmission coefficient. The latter has strong frequency
dependence near the edge of the gap. This leads to a strong frequency modulation of the
luminescence spectrum which becomes visible when the broadenings in the system become
sufficiently small.
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